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Arebpa Beenenue

1. BBeaenue

1.1. OcHOBHBbIE 0003HAYEHUA U OIIpeAejieHud, (PYyHKIIUN

CumBoJI Onpenenenue Ornucanue
N ANB={x|z€ ANz € B} [lepecedenne MHOXKECTB
U AUuB={x|rze€ Avx € B} OObeaunenne MHOKECTB
\ A\B={z|z€ ANz ¢ B} Pa3HOCTh MHOXKECTB
X AxB={(x,y) |z € Aye B} [Tpousseenne MHOKECTB
Vo Bripazkenue BepHO mist J1I060TO (BCeX) & KsanTop BceobIHOCTH
dx: CymecTByer x, TaKO# 4TO KBanTop cymecrBoBanust
dlx: CyriecTByeT pOBHO OJIMH T, TAKOW YTO KBanTop cymecTBoBaHUst
1%} Ve:x ¢ @ ITycroe MHOXKECTBO
LI AUB=AUB, npusrom ANB =g | Iu3bloHKTHOE 00beINHEHTE
C ACB < r€A —= z€B A — noamHOXKEeCTBO B

3amevarnue. B mannom koncrnekte C u C 03HAYAIOT OJIHO M TO K€, HO MHOT/Ia 3aNUCh C UCIOJIb3YeTCd
JIISL TOTO, 4TOOBI MOJYEPKHYTh, U4TO MOJMHOXKECTBO HE COBIIAJIAE€T CO BCEM MHOXKECTBOM (TaKKe Kak
LI mcrosb3yercs, 9To0bl TIOI4ePKHTYD IIyCTOTY MEePeCeYeHnst Y OePaHIOB).

Onpedeaerue 1.1. MHOXKECTBO — aKCHOMATUYECKOE TIOHSITHE, HE UMEIOIee OIPE/IC/ICHUS.

Onpedenerue 1.2. Oyuxnus — 310 ynopsigodentnas Tpoiika (X, Y, I'), rue X, Y — muOXKecTBa, a
I' — mommuoxkectBo X X Y, Takoe uro Vo € X: dly € Y: (z, y) € I.

Onpedeaerue 1.3. MuoxkectBo X W3 IPEIbIIYINETrO ONPEIE/IEHIS HA3hIBAETCS 00IACTHIO OIIpeIeTe-
Hus PYHKIMKU, MHOXKECTBO Y — obJiacThio 3nadenuii, a [' — rpacdukom dynkimu.

Onpedenerue 1.4.

e Bamuck f: X — Y ozmagaer, aro f — dyukius u3z X B Y.
e Bamuce f(x) =y, o3nadaer, uro (z, y) € L'y.

Onpedenerue 1.5. O6pazom pyukiun [ (MHOXKECTBOM 3HaueHUi, 0003HaYaeTCsd Kak Im f) Ha3bl-
Baercss MHOXKeCTBO y € Y, takux uro Jx € X: f(x) = y.
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Arebpa Beenenue

Onpedeaenue 1.6. IIpoobpazom ToUKM y y oTobpaskenus [ (3amuceiBaercs Kak f~1(y)) HasbiBaeTcs
MHOXKECTBO TaKWX &, 9to f(z) = y.

Onpedeaenue 1.7. TlpooGpasom MHOKECTBa §J y oToOpaxkenus [ (3amucbiBaercs Kax f~'({)) Ha3bl-
BAETCsl MHOYKECTBO Takux z, 9ro f(x) € 4.

Vupaxkuenne: loxkaxure, uro f~H(g) = J f(y).
yey

Onpedeaerue 1.8. Ilycts f: X - Y u Z C X. Torna dpyuknuio f MOXKHO Cy3UTh Ha MHOYXKECTBO
Z (3ammceiBaercs Kak f|z), toe flz(x) :== f(x).

Onpedeaerue 1.9. Ilycrs f: X — Y, ¢g: Y — Z, onpenenmm kommosuruio dyukimit go f: X — Z:
(go f)(x) :=g(f(x))

Onpedenenue 1.10. Orobpaxenune idxy u3 X B X, takoe uro Vr: idx(xr) = = Ha3bIBaeTCH TOKIE-
CTBEHHBIM OTOOPaXKEHUEM.

Onpedenerue 1.11. /e byHKIINN HA3BIBAIOTCS PABHBIMU, €CJIU OHU PABHBI HA BCEil 00J1aCTU OIpe-
JIETICHMWS.

Onpedeaerue 1.12. Ilycts f: X — Y. Orobpaxenue y: Y — X HazbBaeTcs:

e OGparubiM K [ ciieBa, eciia f o g = idy
e ObpatHbIM K f crpaBa, ecyu g o f = idy.
e Ob6parubiM K f, ecsim 0OHO 0OpaTHO K f CJeBa U CIIpaBa.

Onpedenenue 1.13. Qyuknus f HasblBaeTCs MHBEKIME (BIOKEHIEM ), €CJIN
o Vr,y: fw) = fly) = ==y

Onpedenerue 1.14. Oyuxiusa [ Ha3bIBaeTCsI CIOPBEKIMEi, eciau 00pa3 PyHKIMU COBIAIAET C 00-
JIACTBbIO 3HAYCHU.

eVyecY:drxe X: f(z)=y

Onpedeaerue 1.15. OyHKIMS HA3BIBAETCA OMEKIIME, €CJIM OHA OJHOBPEMEHHO SABJISIETCS] U WHbHEK-
[UEei, U CIOPbeKIUen.

Teopema 1.1. Ilycts g: X — Y. Caexyromue ycaoBus SKUBAJIEHTHDBIL:
1. g — Oueknus.
2.3¢:Y - X:gog =idy, ¢ og=1idx.
3. df,h:Y = X:go f =idy, hog=1idx.

Jloka3aresbCcTBO.

e ‘17 = “27. Pacemorpum dyukumio ¢' = (Y, X, I'y), tae 'y = {(y, z) | (z, y) € Ty}

Tak kak f — Oueknus, To rpaduK 3a7aH KOPPEKTHO: I KaXKJIOro Yy Haiiércs (Tak Kak BbI-
IOJIHEHA CIOPBEKIIHs) POBHO OAMH (Tak Kak BBLIOJIHEeHa Ouekuust) x, Takoit uro (y, x) € L'y

[TokazaTh TOXKIECTBEHHOCTH KOMIIO3UIIUI OCTAETCsd B KAYECTBE YIIPAXKHEHUS JIJIsi IATATEJIS.
o 27 — “3”. [Ipocro Bo3bMEM [ :=¢', h:= (¢ .
e 3 — . f=idxof=(hog)of=ho(gof)=hoidy =h, rem cambim [ = h.

° “277 g “177_
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- BepHa MHBEKTUBHOCTD:

g(x) =g(y) = ¢'(9(x)) =9 (9(y) = (g'o9)(x) = (¢'o9)(y) = idx(v)=1idx(y) =
T =y.

— BepHa CIOpBEKTUBHOCTb:
CropbektuBHOCTh <= Yy: g7 (y) # & (cm 1.6).
[Tokazkem, uto ¢'(y) € g~ 1(y), Tem caMbIM TIOC/IETHEE HE MYCTO.

U neiicteurensro g(g'(y)) = (9o ¢')(y) = idy(y) = v. O

3amevarue. TeMm caMbIM MbI IMOKa3aju, 9TO (DYHKIMS SIBJISIETCs OUEKIMel TOrJa W TOJIHLKO TOrja,
KOTJ[a OHa obpaTuMa (CM IMyHKTBI 1 U 2 TEOPEMBI).

1.2. BunapHble OTHOIIEHUSA

[Iycts X, Y — muOoxkecTBa, a R C X X Y.

Onpedenerue 1.16. R nasbiBaeTcs OTHOIIEHUEM MeXky oObekTamu u3 X u Y. 3anuchk xRy o3Ha-
qaer, uro (z, y) € R.

3amevarnue. Kax mpaBmyio HacC Oy/yT HMHTEpecOBaTh HMHTEpPECOBATh cUTyalus, Korga X = Y, T.e.
OTHOIIIEHUE MEXKJIy dJIEMEHTAMM OJHOI'0 MHOXKECTBa. TaKue OTHOIIEHUS HA3bIBAIOTCA OTHOIIEHUSIMU
Ha MHOXKecTBe X.

IIpumep 1. X =Y, oTHOIIEHNE paBEeHCTBA.
IIpumep 2. X =Y =R, orHormenne <.
IIpumep 3. X =Y = N, oTHOIIEHNEe KPATHOCTY :
IIpumep 4. 'pacduk HyHKIUN TOXKE ABIIETCA OTHOIIEHUEM.
Onpedeaerue 1.17. Bunapuoe ornorenune Ha MHOKecTBe M Ha3bIBAETCS:
e Peditekcuubim, ecoiu Vo € M : xRzx.
e AnrupedsekcusubiM, ecau Vo € M: —(xRz).
o CummerpuunbiM, eciu Vr,y € M : xRy — yRuz.
o AntucummerpuanbiM, eciu Ve, y € M: xRy NyRxy — = =y.
e AcummerpuunbiM, eciu Vo, y € M: xRy — —(yRz).
e TpansuruBubiM, eciiu Vr,y,z € M: xRy A\yRz — zRz.

3amevarue. OTHOIIEHHE ACKMMETPUYHO TOTA W TOJBKO TOIA, KOIJIA OHO aHTUCUMMETPHYHO U aH-
TUpedIeKCUBHO.

Onpedenerue 1.18. OTHOoIEHNE HA3BIBAETCS OTHOIIIEHUEM SKBUBAJIEHTHOCTHU, €CJIM OHO PedICKCUB-
HO, TPAaH3UTUBHO, CUMMETPUYIHO.

3amevanue. OTHOIIEHNT SKBUBAJIEHTHOCTH YaCcTO 0D03HAYAIOTCS qepes ~.

Onpedeaerue 1.19. Ilycts ~ — OTHOIIEHNE SKBUBAJEHOCTH, KJIACCOM SKBUBAJEHTHOCTU JJIEMEHTA
T HA3bIBA€TCA MHOXKECTBO 3JIEMEHTOB, COCTOAIIMX C HUM B OTHOIICHUMU:

e Z={ylr~y}

[nasa #1 3 us 41 Aprop: Carorun JImurpnii



Arebpa Beenenue

JIlemMma.

1. Knacchl 3KHBaJeHTHOCTHA COBHAJIAIOT MJIM HE IIePeCceKaroTCH.
2. MHOXKeCTBO paciaiaeTcs Ha JUbIOHKTHOe oObeaunenne (L) KJIacCoB SKBUBAJEHTHOCTH.

3. Bcesgkoe pasbuenune muOkecTBa X HaA HEIEPECEKAIONINECs MOJIMHOXKECTBA €CTh pas0dmeHue Ha
KJIaCChbI 9KBHUBAJICHTHOCTHU IIO0 9TOMY IIPDU3HAKY.

dokazaresbcTBO.
1. lIyctrb TNy #20 — Jz€xTNY.
Torna z ~z,2 ~y = v~y = T =14.

HeiicTBUTENIbHO, 1 € T <= t € {j, IO OIIPEJICJEHUIO OTHOIIEHUS SKBUBaJIeHTHOCTHU 1.18.

2. Bamerum, uro X = |J Z (Kaxkaplil & BXOAUT XOTs Obl B CBOI KJIACC SKBUBAJIEHTHOCTH).
zeX
Ho xjaccel KBUBAJEHTHOCTH JIHOO COBIAJAIOT, JUOO He HEPECeKAaIOTCs, IIOITOMY MOXKHO U3
00beIuHeHNsT yOpaTh COBNAIAOIINE KJIACCHI, OCTABUB KAXKJIbIil TOJBKO B OTHOM SK3eMILISIPE, 1
TeM CaMbIM MOJIy9UTh TpebyeMoe pa3OueHwue.

3. Ompenenum x y, KOTJIa & JIEXKUT B TOM 2Ke ITOAMHOXKECTBE, UTO U Y. 3aMETHUM, 9TO:

e Bepua pediiekcuBHOCTD (T ~ )
e BepHa cuMMeTPHYHOCTD (T~ Yy = y ~ ).
e BepHa TpaH3UTUBHOCTH (T ~ Y,y ~ 2z =—> T ~ 2). O

Onpedenerue 1.20. Ilycrs X — MHOXKECTBO, ~ — oTHOIIeHHe dkBuBagenTHocTH Ha X (1.18). Torma
X/~ — MHOXECTBO BCEX KJIACCOB 9KBUBAJCHTHOCTH.

ITpumep 1. OTHOIEHNE PABEHCTBA SIBJISIETCS OTHOIEHNEM SKBUBAJIEHTHOCTH.

ITpumep 2. CpaBHUMOCTD 110 MOJLYJIIO SIBJISIETCS OTHOITIEHUEM SKBUBAJIECHTHOCTH:
[Myctb a,b € Z,n € N. a~b:=(a—0):in.
[TpoBepuM oOmpejieIeHre OTHOIIEHUsT SKBUBAJIEHTHOCTH:

e PedsekcuBnocts: © —x =0 n.
e CummerpuvsocTh: (2 —y)in = (y—x)in.
e TpansuruBroCcTh: (x —¥y) in,(y—2)in = (r—y)+(y—2)in = (r—2)in.

7/~ upunsiTo 00603HAYATH Kak Z/nZ, mompobHee 06 3TOM OyJeT pACCKa3aHO MO3JHEe, HO YKe
ceffuac MOXKeM IMOHSATH KaK yCTPOEHO 9T0 MHOXKecTBO: Z/nZ = {0, 1, ...n — 1}, rxe:

e 0={meZ|min}

el={meZ|(m—-1)in}

[ ]

Hec/10:KHO TIOHATD, YTO 9TH KJIACCHI HEIIEPECEKAIOTCs U B OObEIMHEHUN JIAIOT BCE MHOXKECTBO Z.

IIpumep 3. MHOXKeCTBO TOUYEK Ha MJIOCKOCTU, TOYKYU SKBUBAJIEHTHBI, €CJTU HAXO/ATCs HA OJUHAKOBOM
paccrostauu ot Touku (0, 0). Kiiacchl SKBUBAJIEHTHOCTH — BCE OKPYKHOCTHU ¢ 1eHTpoM B O.
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1.3. Ilopaaku u semMma IHopuaa

Onpedenerue 1.21. Bunaproe oTHoIeHnE <, SBJISIONIEECs: PeIEKCUBHBIM, TPAH3UTUBHBIM, aHTH-
cuMMeTprudHbIM (onpenesienue 1.17) Ha3bIBAETCS OTHOIIEHHEM YACTUIHOTO HODSIIKA, & MHOXKECTBO,
Ha KOTOPOM BBEJIEH MOPSIOK HA3BIBAETCI YaCTUIHO YIOPSIOYEHHBIM.

Onpedenerue 1.22. Jluneitnbiv (TakyKe U3BECTEH KaK IOJIHBIA MOPSIIOK WM IEMb) HA3BIBAECTCS
JaCTUIHBIA TOPSIOK, Takoi 910 Va,b: a < b wim b < a.

Onpedenerue 1.23. DaeMEHT @ YACTUIHO YIOPSIOUEHOTO MHOKECTBA HA3BIBAETCS MUHUMAJIBHBIM,
€CJI He CYIIECTBYET 3JIEMEHTA MEHBIIIEro €ro.

e lInave roBopa m < a =— m = a.
Onpedenerue 1.24. JjieMeHT ¢ YACTUIHO YIOPSTOYEHHOTO MHOXKECTBA, HA3BIBAETCA HANMEHBIITNM,
€CJI OH MeHbIIIe UM PaBeH JII0O0r0 JIPYTroro JIeMeHTa.

o Vz:x <a.
3amevanue 1. Ilonarua HambOJILIIEro0 U MAKCUMAJILHOI'O 3JI€MEHTA BBOAATCA AHAJIOTUYHO.

3ameuanue 2. ObOpaTuTe BHUMAHME, YTO = HMEET CBOHl OOBIYHBLII CMBICJ, a HE CMBICJ OIIepaTOpa
cpasuenus. T.e. eciim a < bu b < a, To b coBuanaer ¢ a (b= a).

3ameyarnue 3. HacTudaHBIN MOPSIOK KAaK MPABUJIO BBOAUTCHA Kak omeparop “<”. AHaJormvHo ero
MOXKHO BBECTH depe3 oreparop ‘<, Takoil MOps 0K HA3bIBAETCA CTPOTUM YACTHIHBIM ITOPSIKOM.

3amevanue 4. Ecmau onpenenén xots Obl ojun onepaTop “<”, “<”, > “>" 1o ecTecTBEHHBIM 00pa30M
MO2KHO OOOIIPpEAC/INTL OCTAJIbHBIC (“IGM MbI, BOSMO2KHO, 6y,Z[eM BIIOCJIEACTBHUU HO.HI)BOB&TI)CH).

3amevarue 5. MUHUMATBHBIX JIEMEHTOB MOXKET ObITh HECKOJIBKO, & BOT HAMMEHbBINUIT 3j1eMeHT (ecsu
OH CYIIECTBYET) POBHO OJIVH.

Yonpaxkuenue: [IpuBegure npuMep 4aCTUIHO YIIOPSJIOYEHHOTO MHOYKECTBA B KOTOPOM HECKOJIBKO
MUHUMAJbHBIX 3JIEMEHTOB.

Yupaxkuenmne: /lokaxkure mocseaHee 3amedanue (0 TOM, YTO HAMMEHBIINX JEMEHTOB HE MOYKET
ObITH HECKOJIBKO).

IIpumep 1. R gaBisgeTcd 9aCTUYHO YIIOPSIOYEHHBIM MHOXKECTBOM C HOPSATKOM <.

IIpumep 2. MuoxecrBo N, a < b:= b} a. (< o3Ha9aeT HOBBIN BBEJIEHHBIN MOPSAIOK, & HE OOBITHOE
CpaBHEHUE 3HAYEHUIN ).

IIpumep 3. MHOXKECTBO BCeX TIOJMHOMKECTB KaKOTO-TO MHOzkecTBa X (obozHawaercs 2X). a < b =
a Cb.

Yanpaxkuenue: [lokaxxurte 110 onpeieIeHUI0, 9TO Bce OMHAPHBIE OTHOIIEHUS U3 TPUMEPOB SIBJISIOTCS
OTHOIIEHUSIMA TTOPSAIKA.

Onpedeaernue 1.25. Ilycrs X — 9acTUYHO yHOPSIIOYEHHOE MHOXKECTBO, & Y — €ro IMOJIMHOKECTBO.
Torma Ha Y MOXKHO BBECTH TaKOU 2Ke IMOPAIOK, KaK 1 Ha MHOXKecTBe X . Takoil mopsigoK Ha3bIBAETCSI
WHIY ITAPOBAHHBIM.

Onpedeaerue 1.26. Ilycrs X — 9acTUIHO yIOPSTIOYEHHOE MHOXKECTBO, & Y — €ro MOJIMHOXKECTBO,
YIOPSJIOYEHHOE 10 WHLY IIMPOBAHHOMY MOPSIIKY, TOTIa 3JIeMeHT © € X HA3bIBAeTCsl BBEPXHEI IPaHbIO,
ecu:

ey VyeyY.
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Bamevarnue. llonarue HUKHEH I'PaH BBOAUTCA aHAJIOTUMYIHO.

JIemma (Llopua). YacTuano ymopsijo4eHHOE MHOXKECTBO, B KOTOPOM JII060€ JIMHEHHO yTIOPSII0Y€HHOe
HOJIMHOXKECTBO (110 MHJIyIIMPOBAHHOMY IOPSJIKY) UMEET BEPXHIOI I'DaHb, COJEPIKUT MAKCHUMAJIbHBI
3JIEMEHT.

HokaszareascTBo. laércsa 6e3 JoKa3aTeIbCTBA.

B mHTEpHETE ecTh HECKOJIBKO JOKa3aTeJIbCTB, HO OHU HCIOJIB3YIOT CJIOXKHBIE TEXHOJIOTHH, BPO/ie
TPAHC(PUHUTHON WHYKIIMU U OP/IMHAJIOB.

e wikipedia(en)

e mccme(ru) O
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Arebpa I'pynmsr. Beemenue

2. I'pynnbi. BBenenue

2.1. I'pynnobl m mogodHoe. OnpeiesneHust

[Iycts X —MHOXKeCTBO ¢ BeJIEHHOU Ha HEM omeparueit x: X X X — X.

BI/IHapHaH onepanud * MOXKeT O6JI&,ZL&TI) HEKOTOPbIMU cBoOlicTBaMMU:

# Haszsanwue Omnpenenenne

1 AcconmaruBHOCTH Ve,y,z € Xt (x*y) * 2z =z % (y*2)
2 | CymmecTBoBaHrEe HERTPATHLHOTO Jee X:Vrece:ze=erx=x

3 CymmecTBoBaHmIE 0OPATHOTO Vee X: oz tioxal=atxax=e¢
4 KommyTraTuBHOCTH Ve,ye X:xxy=yx*z

Onpedenerue 2.1. MHOXKeCTBO ¢ onepalyeil * Ha HEM HA3bIBAETCS:
e [Tosyrpynmoii, eciiu Bepro (1).
e Monouom, ecaiu BepHO (1, 2).
e ['pymmoit, eciin Beproe (1, 2, 3).
e AbeneBoii rpymmoit, eciim Bepuo (1, 2, 3, 4).

IIpumep. Ilycts 2 — mHOX)KecTBO Bcex oTobpakenuit uz X B X.
OmnpenesmmMm onepanuio “*” Kak KOMIIOZUIIUIO OTOOPAXKEHUIA.

Tora BepHbI cBoiicTBa 1 (110 onpeenenuto kommnosuimu) u 2 (e = idy ). Tem cambim {2 — MoHOMT.

CaoiicTBO 3 GyJIeT BEpHO, €CJIM OCTABUTH TOJIBKO OueKiuu (CylecTBOBaHNe 0OPATHBIX obecredn-
Baer Teopema 1.1), CBOWCTBO 4 HEBEPHO COBCEM.

VYupaKHeHue: IpuBeInTe KOHTP-IIPUMED K IyHKTY 4.

JIemma. Eciu * — acconmaruBHa U ecTh HEHTPAIBHBII JIEMEHT [m.e. 9mo monoud], To:
1. HeitTpayibHbBI 97IEMEHT €JIMHCTBEHHBIM.
2. O6parnslii 6o A, mbo 3!
3. Ecau x n y obpaTtuMbl, TO T * iy OOpaTUM.

4. MuoxKecTBO 0OpPATUMBIX IJIEMEHTOB 00pa3yeT I'PYIIIY.

dokazaresbcTBO.
1. Ilyctb €1, eo — HEUTpaIbHbIE, TOTJIA €] = €1 * €y = €3.

2. Ilyctb yp, Yo — OOpaTHBIE K T, TOTIA Y1 = Y1 ¥ € = Y1 * (T * ya) = (Y1 * T) * Yo = € * Yo = Ya.

1

3. TMokaxkem, uto (y~' * x71) ABasgercsa oOpaTHLIM K T * ¥

[nasa #2 7 uz Asrop: Carorun Imurpuit u Bumusakos Kupuiur



Arebpa I'pynmsr. Beemenue

o (xxy)x(ylaT) =e
o (ylaT)x(zxy)=e
4. B MHO2KECTBE O6paTI/IMI)IX QJIEMEHTOB:

® ACCOLLI/IaTI/IBHOCT]) BE€pHa, TaK KaK ObLI1a BE€pHa OJId JIIOOBIX 3JIEMEHTOB MOHOHIA.

e Ecrp HeliTpaabHBI (TaK KAk HEHTPAJILHBIN 3JIEMEHT 00paTuM ).

JIr060oii ss1emenT 06paTuM (10 OIPEJIETIEHUIO ITOT0 MHOXKECTBA).
1

Paccmorpennas rpynma 3aMKHyTa, T.€. VI,y: T~ JIEKUT B MHOXKECTBE (TaK KaK y HEro
ecTb OOpPATHBIN JIEMEHT — ), ¥ & * Y JIEZKUT B MHOXKECTBE (CM IYHKT 3). O

3amevanue. B Teopum rpymn onepamuio Ha rpyliie 4acTo OOO3HAYAIOT Yepe3 YMHOXKEHUE U IpUMe-
HSAIOT MYJIBTUILIMKATUBHYIO HOTAIWIO: T % i, WU LY. T * T * ... * x = x". OOpaTHbII 3JIEMEHT 3aITUCHI-
—_—

n pas

Ba€TCd KaK IL‘il.

Onepaiuio Tak»kKe MOXKHO 0003HAYUTh Yepe3 +, TOrga T + & + ...+ I = nr, 1 00paTHbIl KaK —T.
vV

n pas

Bropas (aauTuBHasi) HOTAIMS KAK MPABUIJIO UCIIOJIb3YETCsl TIpU paboTe ¢ KOMMYTATUBHBIMHA (abe-
JIEBBIMHU ) TPYIIIIAMHY.
IIpumep 1. {—1, +1}, onepanusi yMHONKEHUSI.

dABnserca abesneBoil TPyNIoOii.

IIpumep 2. /IBmkeHus IJIOCKOCTH, OCTABJISIONINE HA MECTe 33 [aHHYIO TOUKY.
Onepatust KOMIO3UIUU (CHAYAJIA IIPUMEHUTH OJIHO OTOOParKeHUe, IIOTOM BTOPOE).
fBasieTcs rpynmnoii, HO HE abeJIeBOI.

3amevarnue. Bce Takme IBUKEHUS SABJIAIOTCS JUOO ITOBOPOTAMHU BOKPYT JAHHON TOYKH, JTUOO OTpa-
2KEHNEM OTHOCUTEJIHLHO MPSMOM, TTPOXOIAIIEN depe3 9Ty TOUKY.

IIpumep 3. Kombio BbraeroB wiu Z/,z, TOAPOGHEE €ro, a TaK¥kKe CMBICT 3TOr0 0DO3HAUEHWS MbI
OyJieM 00CyKJIaTh MO3Ke.

[Toka MOXKHO CYHUTATH, YTO ITO MHOZKECTBO IIeJIbIX yuces oT 0 mo n — 1 u oneparys CJIOXKeHUs 10
MO/LYJIIO.

dABnsieTcss abesieBOil TPYIIIION.

ITpumep 4. Ilycrs G — rpynmna, a X — MHOXKeCTBO.
Paccmorpum muo)kectBo M (X, G) = {f: X — G} Bcex dyuknuii uz X B G.

Torjia Ha JTAHHOM MHOXKECTBE MOXKHO BBECTU OIEPAIIMIO *:
(f * h)(x) = f(x) * h(z).

Omnepanust *:

AcconuaTuBHa (fx(g*h))(x) = f(z)x(g*xh)(z) = f(z)xg(x)*h(z) = (f*g)(z)*h(z) =
((f * g) * h)(x)

Nmeet HeliTpanabHblii PyHKINS TOXKJIECTBEHHO PABHASA €y

Nwmeer obpaTHbIii OtnpaBuM 371eMEHT B OOPATHBIA JIEMEHT K PE3y/IbTATy UCXOIHON (DYyHK-

man (f 7 () = f(z)™)
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2.2. CumMmeTpuyecKad rpynra

IIpumep 5. Ilycts X — MHOXKECTBO U3 1 9JIEMEHTOB, PACCMOTPUM Sx — MHOXKECTBO BCEX OMEKITHiA
n3 X B X u onepanuio KOMIO3UIIUH.

Yupaxkaenwue: [Iposepbre, 4T0 KOMIO3UIMS JIBYX OMEKIWil sIBJIsieTCsl OueKIueil (T.e. omeparust
KOMIIO3MIIUU 3aMKHYTa), & TAK¥KE 3 CBOWCTBA I'PYIIIIbL.
3amevanue. I'pynmy Sx ma X = {1,2,... n} gacro 0603HaYAIOT KaK S),.

DJIeMEHTBI JAHHON TPYIIIbI HA3BIBAIOTCS TIEPECTAHOBKAMHU (IIEePECTAHOBKA MEPEBOUT OJTHU JJIEMEH-
THI B JIPYT'HUe), UX 9aCTO 3AIUCHIBAIOT B OJHON u3 JIBYX (hopMm:

o = (123)(4) — uukioBas 3anuch, 0 = [2314] — “obbranas” 3aIuCh.
B nepecranoske 0: (1) =2, 0(2) =3,0(3)=1,0(4) = 1.
Ipymmy S, TakKe HA3BIBAIOT CUMMETPUYIECKON HOArPYNIHOil TIOPSIKA 1.

3amevanue. |S,| = n! (mepBBI 31EMEHT MOXKHO IepeBecTH B JIIOOOM, BTOpOil B s11060i n3 n — 1
OCTABIIUXCs, U TaK JiaJiee).

3amevarue. IIUKIOBast 3aIKCh CyIIECTBYeT y JIO0OI IEPECTAHOBKHU U €IMHCTBEHHA C TOYHOCTBIO 10
HOPSIKA TIUKJIIOB.
[TousTh 5TO MOXKHO cireytomuM obpa3om (Ha nmpumepe X = {1,2,...,n}):

Paccmorpum nocsienosarenbaocts 1, o(1), o(1) .. .. 3ameTum, 9T0 paHO MM MO3HO MOCTIEI0BA~
TeJILHOCTH TOBTOPHUTCs (TpebyeM KoHedHocTH X ).

Tak Kak ¢ — OmeKkIys, TO Mbl HE MOIJIH IMOJIYIUTh YTO-TO OTJIMYHOE OT 1 — WHAdYe y IMOBTOPUB-
IIerocst 3JIEMEHTa €CTh JBa OOPATHBIX — HPEIbLAYIINe JIEMEHTHI B TO Ke IOCJIeI0BATEIbHOCTH Yy
000UX BXOXKIECHUM.

Barem AHAJIOTUYIHYIO IIOCJ/IEA0BATE/JIbBHOCTD MOXKHO PAaCCMOTPETH OT IIPOMU3BOJIBHOI'O HE PaCCMOT-
PEHHOTI'O JJIEMEHTa.

HecoKHO NOHATD, 9TO JPYIHUX MUKJIOBBIX 3amuceil He 6bBaeT (MbI TOJBKO YTO MOCTPOUIIN IIUKJIO-
BYIO 3AIMCh U3 COODPAYKEHUIA TOrO, KaKas OHA JIOJPKHA ObITh, 3HAYUT MO-JAPYTOMY IOCTPOUTH HEJIb3s).

Onpedenernue 2.2. IlepectaHoBKa HA3BIBAETCA IMKJIOM, €CJIM B €€ IIUKJIOBOM 3aIMCU OJIMH ITUKJI.
Onpedenenue 2.3. Tpancnosunneil HA3LIBAETCH UK JJIMHBI 2
Onpedenenue 2.4. s o € S, nHBepCHUell HA3BIBAETCSA TaKasl mapa i, j, 9ro i < j u o(i) > o(j).

Onpedenerue 2.5. IlepecraHoBKa HAa3bIBAETCS YETHOM, €CJIN 9UCJIO €€ MHBEpCHei 96THO. AHaIormy-
HO BBO/IUTCS MOHATUE HEYETHON ITE€PEeCTAHOBKMU.

Onpedenernue 2.6. Kaxioii nepecraHOBKe MOXKHO CONMOCTABUTH 3HaK (umcsio uz {41, —1}) mo cie-
mytomemy npasuy: signo = (—1)V) rne N(o) — umco nmsepcnii.

YETHBIM TTepecTaHOBKAM COOTBETCBYET 3HaK +1, a HEYETHBIM — 3HAK — 1.
YrBepxkaenue 2.1. /g a00bIX JBYX MEPECTAHOBOK 071, 03!
sign(oy02) = (signoy)(sign oz).
HoxkazareabcTBo. TODO: /lonucarh JOKa3aTeJIbCTBO Il

YrBepxkaenue 2.2. Jliobas nepecTaHOBKA PACKJIABIBAETCS B ITPOU3BEIEHUE TPAHCIIO3UIIAN BUIA
(i,+1).
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HokazareabctBo. TODO: lomucarh JoKa3aTeJIbCTBO ]

YrBepxKkaenuue 2.3. Jliobasg mepectaHOBKa PacKJ/IaIbIBA€TCsI B IIPOU3BEIEHUE TPAHCIIO3UIINI BUIA
(a,1), miist GUKCUPOBAHHOTO @ U BCEX i.

HokazareabctBo. TODO: Jomucarh JoKa3aTeJIbCTBO ]

Caedcmeue. 1luki 96THOM JJIMHBI ABJISIETCST HEIETHOM MEPECTAHOBKOW, a HEIETHOM JJIMHBI — JET-
HOM.

dokazareabcTBo. Byner HampsMyro cjiegoBaTh U3 IIpaBuJia MIEPEMHOXKEHUsT 3HAKOB U Pa3JIOXKEeHUsT
IMUKJIa B TPAHCIIO3UIIHIO. O

2.3. Iloarpynnbi

Onpedeaernue 2.7. IlommuoxkectBo H C G HaswBaeTcs moArpynmnoit B (G, ecjii OHO CaMO SABJISIETCS
IPYIIIOI OTHOCUTEILHO TeX Ke omnepanuii. TubiMu cjioBaMu, /i TOro, 4To0bl H OBbLIO TOATPYIIIOit,
HEeOOXOMMO BBITTOJTHEHNE CJIEJYIONINX TPEX YCJIOBUIl.

1. h,ge H=hge H
2. he H=h'tecH
3.e€e H

3ameyanue. Iloarpynna H Bcerma comepKuT HEHTPaJIbHBIN jieMeHT 3 (G U SBJISETCA TPYIIIOi OT-
HOCUTEJIBHO TOH K€ Ollepalyu.

3amevanue. Obosnauenue H - noarpynmna G: H < G

3amevarue. [Lns Jir0O0I TpymHIbI MbI BCErJIa CMOYXKEM IPEIbIBUTH XOTd ObI JBE MOJArPYIILI: caMa
IPYIIA U MHOXKECTBO U3 OJIHOIO HEATPABHOTO dJeMEeHTA(eC/U TPYIINa COJAEPIXKUT TOJBKO OJIUH dJIe-
MEHT, TO TOJIbKO OJIHY, TAK KaK OHU COBIIAJIYT).

JIlemma. H # 0 - noarpymmna <= Vo,y € H xy ' € H

JoxkazaTenbcTBo. Heobxomumocts =. H - noarpymna = v € H u tak Kak y € H =y € H =
xy e H
JocrarouHocTsb <=. v € H = 22 ' € H =ey € Hegx™' € H

r,y€e H
yleH
=zy ) t=zyeH O
IIpumep. 47 < 27 < 7
IIpumep. {e} < G; GG

IIpumep. A, < S,
A, - TpyIIa YeTHBIX MePECTAHOBOK.

CymecTByeT /Be KOHCTPYKITUU, TIO3BOJIAIOIIUE JIETKO CTPOUTH TOJATPYIIBI B HeabeIeBbIX IPYIIIax.

1. IenTp.
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Onpedeaerue 2.8. MHOXKeCTBO 9JIEMEHTOB, KOMMYTUPYIOIIUX CO BceMu djiemenTaMu (G, Ha3bl-
Baercs MeTpoM rpymmnsl u obozuadaerca C'(G)

Ipynna G B ToM u TOJIBKO TOM ciaydae abenesa, korjga G = C(G). Ipynna G, mis KoTopoit
C(G) = 1, HasbiBaeTcs rpyINoOil ¢ TPUBUATBHBIM [IEHTPOM WM, 6e3 3aTeil, rpymoil 6e3 meHTpa.
Hampuwmep, 1ienTp HeabeeBoil IpOCTOM IPYIIbI TPUBUAJIEH.

e C(S,)=1,mpun>1
e C(A,) =1, upun >4

2. Henrpanusarop snementa. ITycrs o € G. OupepesnumM neHTpaIn3aTop j1eMenTa T B rpynme G
caenyromum obpasom: Cg(x) = {g € G |gz = zg}.

3amevanue. Co(zr) <G

JIemma. Iz smo6oro © € G umeem Cg(z) < G

HoxkasarenbcTBo. vl =z = 1z, nosromy Cg(z) # @. Ecimm h, g € C(G), 1o (hg)xr = h(gx) =
h(zg) = (zh)g = x(hg), Tak aro hg € C(G). C apyroii croponsl, eciu h € C(G), To yMHOXKAsT
pasenctBo hx = xh ma h™!' cupasa u cnesa, monyuaem zh™! = h~lx, Tak aro ™! € C(Q).
Orciona crenyer, uro C(G) < G. O

3amevanue. Ha camom nere C(G) = [ Cq(x), rae nepeceanne 6epercs mo BCEM .

3amevanue. Ere ecTh merpaamsaTop m HOPMaJJIU3aTOP MOAMHOXKeCTBa. X ompesesieHus OYeHb I10-
XOYKW Ha OIPEJIeJIeHNS TeHTPa U IeTpaIn3aTopa I'PYIIIhL.

Onpedeaernue 2.9. Iloarpynma G, mOpoxKeHHAsT MHOXKECTBOM X - 3TO HAMMEHBINAs MOArPYIIIa B
G, comep:kalmasi MHOXKECTBO X.

3amevanue. Obosnadenue: G = (X)
3amevanue. Hi < G, Hy <G, 10 HHNHy <G
Bamevanue. (X) =\xcycqH

JlemMa. (X) cOCTOUT U3 BCEX 3JIEMEHTOB BUJIA T T3 - . .+ Ty, TIE KaXK b1 U3 31eMeHToB x; € X UX !
C: X - manmenbinag noarpynma = H > (X)
Drxy...x, €(X) = H < (X)

Onpedeaernue 2.10. Iloarpymma, TOpOXKIEHHAS OTHUM 3JIEMEHTOM, HA3BIBAETCHA ITUKIUIECKON.
Sameuanue. < g>={g'|li € Z}

3amevanue. llopssmoK MOATPYHIIBbI, TOPOXKIECHHOW SJIEMEHTOM ¢ HA3BIBAETCH MOPSJIKOM dJIEMEHTA (.
Bameuanue. Ecim Bce crenenu ¢, To < g > GeCKOHEYHA.

Ecmu crenenu g mosropsaiorcsa, To ects dk,l € N k> 1 gF = ¢ < ¢ l=e

VYrBepxkaenne 2.4. ordg = min{n € N |[¢" = e}

IokazaTesbcrBo. < g >={¢° g%, g% ..., g"1}

Baxkno 3amerutnb, uto ¢" = e

g = (g")™ - g* = eg® = ¢*, rne k € {0 n — 1}, Tak Kak k - 9TO 0CTATOK O
) VAR ) *
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2.4. Tomomopdus3mM rpymi

Onpedenenue 2.11. Ilycrs (G,x*), (H,-) - rpynmbL:

1

2

3
4

Oyukiusa f: G — H - romomopdusm rpym, ecaiu Vo, y € G f(x*xy) = f(z) - f(y)
NubekTuBHBIE TOMOMOPMU3M - MOHOMOP(hU3M
CIopbeKTUBHBIN TOMOMOPMU3M - STUMOPPU3IM

BuekTtupHbIil TOMOMOPGU3M - H30MOPhU3M

3amevarue. G m3omodpro H obosnagaeTcs caemyrormmum obpasom: G = H

Onpedeaenue 2.12. Sdnpo romomopdusma : Kerf ={g € G |f(g9) =en}

Onpedeaenue 2.13. O6pas romomopdusma : Imf = f(G) ={g € G |f(9)}

Jlemma. f:G — H - romomopdusm, Tora:

L. fleg) =en

2. fa™h) = fHz)

3. Iyctb g € G f(g) - h, Torma f~Y(h) =g - Kerf

4. Tomomopdusm f - unbekTuBHbIi(MOHOMOPDU3M) <= Kerf = {eg}

5. Kerf <G

dokazaresbcTBO.

1. fleg) = fleg - eq) = fleq)f(eq) momuoxum Ha (f(eq))~1
flea)(f(eq))™ = flea) flea)(f(eq))™"
eg = fleg) * em = f(eq)

2. f)f(z™h) = flaz™h) = flec) = en

3. gKerf ={gz |v € Kerf} = f~'(h)
C:yegKerf=y=gr, v € Kerf= f(y) = f(g9)f(x) =he, =h=y e f1(h)
D: Iycrb y € f7H(h) = y=g9g(g'y) € gKerf
g 'y e Kerf
flaty) = fla ) fw) = (fl9) " fly) =h"'h=en = g~y € Kerf

4. f - uabekTUBHBIH romoMophusm <=  Kerf = {eg} ciaemyer u3 3 nmyHkra, TaK Kak MOXKHO
IPeIbABUTH OUEKITHIO

5. a). z € Kerf=a2"'¢e€ Kerf

f(x) =en
BHaem BTOpoe cBoilcTBO, memaem Tak: f(z7!) = (f(2)) ' = ey = ey = v ' Kerf
b). x,y € Kerf = xy € Kerf

f(x)=fy) =en = flvy) = f(2)f(y) = enen = en
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3. Koabna

3.1. BBeagenue

Onpedeaerue 3.1. MuoxectBo R c onepanusiMu +, - Ha HEM Ha3bIBAETCS KOJIBIIOM, €CJIH:

1. (R,+) — abeseBa rpymma.

(x+y)z =22+ yz

2. Vz,y, z € R: 2y + 2) = 7y + 12

(mcTpuby THBHOCTB )

Onpedenerue 3.2. Kosblio HA3BIBAETCH ACCOIMATUBHBIM, eCiin * — acconuaruBHa (x(yz) = (zy)z).
Onpedenerue 3.3. Kosbiio HA3BIBAETCSI KOMMYTATUBHBIM, €CJIU * — KOMMYyTaTHBHA (Y = yT).
Onpedenerue 3.4. KoJbiio HA3bIBAETCHA KOJBIOM C equHureit, ecim d1: x-1=1-2 =z Vx € R.

Onpedeaerue 3.5. AcconmmaTuBHOE KOJIBIO C eauHuteil, mpuaém 1 # (0, B KOTOPOM BCAKHUI HEHYJTe-
BOI 9J1eMEHT 0OpATUM [[I0 YMHOYKEHUIO| HA3bIBAETCS TEJIOM.

Onpedeaerue 3.6. KomMmyTaTuBHOE TEJIO0 HA3BIBAETCS IIOJIEM.
ITpumep 0. 27 —KOMMyTaTHUBHOE, aCCOIMATUBHOE KOJILIIO 0e3 1.
IIpumep 1. Z, Q, R, Z/nZ

IIpumep 2. Ilycrb R — KOMMYyTATUBHOE, aCCOIMATUBHOE KOJIBIO C €IMHUIIEH.
R[x] — KOJIbIIO MHOTOUJIEHOB ¢ KO3 dunuentamu u3 R.

R[z] ={ap+ @z + ...+ a,x" | a; € R, n € No}

IIpumep 3. R[[z]] = {>_ a;z’ | a; € R} — koabno HOPMATLHBIX CTETEHHBIX PSIJIOB.

=0

Onpedeaenue 3.7. Eciu R — xoubio, 10 (R, +) (Takzke 3anuceiBaercs kKak RT) HasblBaeTCs aJi1u-
TUBHOH I'PYNIION KOJbIA.

Onpedenernue 3.8. Ilycrsr R — acconmaruBHoe Koiblio ¢ 1, Torma (R, -) — MoHOUI,

Ob6oznaunMm Kak R* MHOXKECTBO OOPATHUMBIX 3JIEMEHTOB MOHOU/IA.
IIpumep (k MHOXKecTBY obparumbix asiemenToB). Z* = {+1,—1}, Q*=Q\ {0}, R* =R\ {0}.

IIpumep 4. X — MHOXKECTBO, R — KOJIBIIO.

Bseniém cTpyKTypy KOJIbIIa HA MHOXKeCTBe oToOparkeHuit X — K.

(f + 9@ = flz) + g
(g - 9 = flx) - gz

Onpedenenue 3.9. Oynxmua us R? — R? HaspBaeTcd JTUHEHHOMN, ecin:
1. flx+y) = f(z)+ fly),Vr,y € R
2. f(cx) = cf(z),Vc € R,Vz € R%

IIpumep 5. MuoxkecTBo jmHeitHbx dynrmmit R? — R2.
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o f,g: R2 5 R?

o (f+9)(@)=[fz)+g(z)

e frg=1foyg
VipaxkHeHHe: KoJbuo jm’?

IIpumep 6. A — abeseBa rpymma, ectb +, 0.
r,y€ A x-y:=0.

Onpedenerue 3.10. Kosbiio, B KOTOPOM BCe MPOM3BEIEHUsT PABHBI HYJIIO, HA3BIBAETCA KOJIBIIOM C
HYJIEBBIM YMHO2KECHUEM.
3.2. CsBoiicTBa KoJIel;
JIemma. Ilycrs R - kosbiio (acconmarusHoe), r € R, Torya:
L.r*0=0*r=0

2. Eciu R - kosbio ¢ epuumneii, to (—1) * r = —r, rae (—x) o3Havaer OOpaTHBINA JEMEHT 110
CJI0?KCHHMIO.

3. Ecmu |R| # 1, 1o 0 # 1.

dokazaresbcTBO.

1. e r+0=r=0+r.

o r(r+0)=r?
o 24+ rx0=r?
e rx(0=0.

e Amnajorungno JOKa3bIBACTCA IIpaBO€ PaBEHCTBO.

2. Ilonb3yemcst IuCTPUOYTUBHOCTHIO KOJIBIIA!
(=) xr=(—r) < (-1)r+r=0 <= (—1)r+1xr=0 < r(-14+41)=0. < r*x0=0.
3. Hyctb 0 =1. TormaVr € R:r=1xr=0%xr=0 — R={0} = |R|=1 O

Onpedenerue 3.11. R* (takxke 0603HaUaeTCs Kak R*) — MHOXKECTBO OOPATUMBIX 9JIEMEHTOB KOJIbIIA
110 YMHO2KECHUIO.

Onpedenerue 3.12. Ilyctb R — KOMMYyTATUBHOE KOJIBIIO.

Duement r € R\ {0} naspBaercs mesmresem uyis, ecim 3s € R\ {0}: rs = 0.

Onpedenernue 3.13. Ilyctb R — KOMMyTaTUBHOE KOJIBIIO.

Dnement r € R\ {0} HasbBaercsa HUIBLIOTEHTHBIM, ecan In € N: 7" = (

3amevarnue 1. Ecau r € R*, To r He JeJnTe b HYIS.

lokazaresbcTBO.

e s =0, eciu r — JEIUTEH HYJI.
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e rlxyr =1, ecu r — obparum.

o s=1r"lrs=1r"1%0=0, ectu BepHBI 00a.
e [IporuBopeune. [

3amevanue 2. B Z/nZ ects nenmrenu Hyns <=> n — COCTABHOE.

e Ecim n=ml (m,l > 2), o um ul - gemurenn Hyss.
e Ecau ects mesmmrenn Hyssg, To Im,l > 2, ml i n, 970 HEBO3MOKHO.

3amevarue 3. B 7 /nZ HUIBIOTEHTHI <> n JEJUTCs HA KAKOW-TO KBaJIpAar.
“<=": Ecim n genutca Ha KBajgpar (n = m?l, e m > 1), To r = ml — HUJIBLIOTEHT.

“ =" OcTaBjIeHO B KAa4YeCTBE YIIPaKHEHUSI.

YrBepxkaenue 3.1. Eciu B kosbiie R Her jgenureneil nyis, To B R[r] ux Toxke Her.

Jloka3aTresbcTBO. YTEpsiHO B BEKaX. Il

Onpedeaernue 3.14. KommyraruBHOE acCOMUATUBHOE KOJIBIIO ¢ 1 6e3 jmesmresieil HyJisd Ha3bIBAaeTCs
00J1aCTBIO MEJIOCTHOCTH (I[EJIOCTHBIM KOJIBIIOM ).

3.3. 'omomopdu3m KoJiers

Onpedeaerue 3.15. f: A — B HazbiBaeTCss TOMOMOPGMU3IMOM KOJIEIT, eCJIN:

e A B — KoJibIIA.
o Va,bec A: f(a+0b) = f(a)+ f(b).
o Va,be A: f(ab) = f(a)f(b).

Onpedeaenue 3.16. Ker f = f71(0) ={z € A| f(z) =0}
Onpedeaenue 3.17. Im f = {f(z) | z € A}.

3amevanue. Ecom f: A — B — romomopdusm KoJer, To:

L. f(OA) =0p

2. f(=r)=—f(r)

3. Eciu f(a) = b, ro f~1(b) = a + Ker f
4. f — uabvektuBHa <= Ker f = {0}

dokazareabCcTBO. YiKe ObLIO JIOKA3aHO B TEOPUU T'PYIIII. O]

3amevanue. Epmuniia He Bcerga coxpaHseTcs, JaKe eCJIM OHA eCTh BO BTOPOM KOJIBIIE.

YanpakHeHue: IPUBECTU TIPUMEDP.
Onpedenerue 3.18. I'omomopdusm HyJIeBOIi, €c/ii OH IIePEeBOIUT BCe deMeHTHI B ().

YrBepxkaenue 3.2. Ecou f: A — B Henysnesoii romoMopdusm Kosier. A — KOJIbIlo (aCCOIUATUBHOE,
KoMMyTaTuBHoe) ¢ 1. B — obsacte nesoctroctu, To f(14) = 1p.

HoxkazarenbcTBo. f(1a) = f(la*x14) = f(14)* f(1a)
f(La) = f(La) % f(1a) = Op
f(a)(1p = f(14)) = Os.

Tak kak B — obsacre nesoctaoct, 1o f(14) =0 mmm f(14) = 15.
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Eciu f(14) =0p, ToVa € A: f(a) = f(1xa)= f(1) f(a) =0 f(a) =0 = f — Hy7eBoii.

Caenosaresbho f(14) = 1p. O

3amevarue. [lanee romoMopdu3M KOJIEI| ¢ €IMHUIEH O3HAYAET TOMOMOPGU3M KOJIeIl, 00JIa a0t
csoiicTBoM Bbimte (f(14) = 1p).

Jlemma. Eciu f: A — B — romomopdusm Koder, ¢ eqununeii, To Vo € A*: f(a™t) = f(a)™!

HokazaTenabcTBo. CBOMUTCS K YTBEPKIEHUIO U3 MIPOILION TEMBI ]

Onpedeaerue 3.19. Ilycrs R — xosbiio ¢ 1, BBeAEM rwanoHnuueckuti 2omomoppusm ¢ : 7 — R:

(

0 n=>0
gb(n)—<\13+13+“'+1@ n >0

n pas

| —9(—n) n <0

JeiicTBuTebHO ABISETCS TOMOMOPMU3MOM (CIIEICTBUE AUCTPUOYTUBHOCTH).

Onpedenerue 3.20. Eciu kanonuueckuii romomopdusm ¢ — uabekrusen (Ker ¢ = {0}), To xapak-
repuctuka Hoyib (Char R := 0)

Wnadve sinpo werpuBnasibao. Ho B Z j11060e HETpUBHAJIBHOE S/IPO MMeeT Bu nZ (71 HEKOTOPOTO
n > 1), Takoe n u Ha3bIBaeTCA XapakTepucTrukoii kKosbna R (Char R = n).

Onpedeaerue 3.21. Hemycroe moaMHOKECTBO KOJIBIIA R Ha3BIBAETCS TOJIKOIBIIOM, €CJIN

e Va,be A:a+b, —a,abe A
Onpedeaerue 3.22. Apnurusnasg noarpynna I < RT nassiBaercs:
o JlebiM measiom, ecam Vr € R, Vs € I: rs € I (unage rosopsi, RI C I)
e IIpaBbim wieasiom, eciiu Vr € R, Vs € I: rs € I (unaue rosopst, IR C I).
e JIByCTOPOHHUM HUJIEAJIOM, €CJIA OHA W JIEBBIA U IIPaBbIA UIEAJI.

IIpumep 1. B Z Bce uneasnnbl umeioT Buji nZ. lIpocto n3-3a TOro, 9T0 BCE MOJATPYIIIBI Z UMEIOT TAKOM
BUI.

3amevarnue. B aTux IIpuMepax He HalluCaHO O KaKOM MMEHHO HJcaJjie I/I,ZLéT pedb, IIOTOMY 9TO B KOM-
MYTAaTHUBHBIX KOJIbIIaX BCE HU€aJIbl COBIIQJar0T

IIpumep 2. Pacemorpum R[z] (MHOKECTBO MHOIOYJIEHOB C BEIIECTBEHHBIMU KOIMDMDUIIUEHTAMN ).

[Ipumeps! ero naeatos:
o Rz]
e {0}

o I = {f € Rlz] | f(0) = 0} = zR[x] (cBOGOIHBIN KOIDDUIMEHT HYIEBOH, & 3HAYUT MOXKHO
HOJIEJIUTH HA T, YTO U 3AIMCAHO B MOCJIETHEM DABEHCTEE).

o [ = P(z)Rz], tne P(x) € R|x]
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e [lepBbie Tpu IyHKTA TOXKE MOIAXOAT 1o ocseauuit. Ha camom meste (dakT 6e3 10Ka3aTeIbCcTBA)
BCe HJieaJbl UMEIOT TaKO BUJI.

IIpumep 3. Pacemorpum Z|x] (MHOXKECTBO MHOTOUJIEHOB C TEIbIMU KO3(DMDUIMEHTAMMY ):
o P(x)Z[z], tne P(x) € Z|z]
e Ho He Bce umeassl UMeIOT Takoi Buz, Hanpumep: (x — 3)Z[z| + 2Z[z].
e VYIiparkHeHHue: IIOHAThH IoYeMy MOCIeIHee AeHCTBUTEILHO UAeal.

Jlemma. Ecimm f: A — B — romomopdusm KoJerr, To
Im f — moakosbio B.
Ker f — nBycroponnwuii umeas A.
HdokazaTenbcTBo. OcTraB/ieHO B Ka4eCTBE YIIPAXKHEHU . Il

Onpedeaerue 3.23. R — xosbio, X C R. Uneasom (7eBbIM, IIPaBbIM, JBYCTOPOHHUM ), TOPOK IEH-
HBIM MOJMHOXKECTBOM X HAa3bIBACTCS HAMMEHBIINI [0 BKJIIOYEHUIO ujeaJt (JIEBBIH, TIPaBbIii, 1ByCTO-
ponHuii), comepkarmii X .

YnpakHeHue: mepecedeHne BcexX UIeaIoB, COAEPKAIMX JTaHHOE MHOXKECTBO X ABJIAETCS UIEATIOM,
ITOPOXKIEHHBIM MHOXKECTBOM X .

3amevarue. [ljis IpaBbIX UIEAJIOB:

ﬂ ]:ZxR

DX reX
I—unean R

3.4. PaKTOP-KOJIBIIO

JIemma. IloakoJbio, MOPOXKIEHHOE MHOXKECTBOM X, TOECTh HAMMEHBIIee IIOAKOJIbIIO, CO/epKaIee
9TO MHOZKECTBO, COCTOUT U3 BCEX CYMM M3 IJIEMEHTOB +X1XoX3 . .. T,, T1e T; € X

HokazaTeabcTBo. OcTaB/ieHO B KA4eCTBE YIIPAXKHEHUSI. ]

Onpedenerue 3.24.

o (X) — umeast, MOPOXKIEHHBI MHOXKECTBOM X, B 3aBHCUMOCTHU OT CUTYAIWH JIEBbI, IPABBINA UK
JABYCTOPOHHUIA.

e (a) — wmumeas, TOPOKIEHHBINA JIEMEHTOM a, Tje a € R, B 3aBUCHMOCTH OT CUTYyallUd JIEBBI,
NPaBbIA WIN IBYCTOPOHHUNA.

o Uleas, MOPOXKIAEHHBINA OJHUM 3JIEMEHTOM Ha3bIBaeTCA [NAGHBIM UIEANOM.
3ameuarue. g neBbix umeasnos (a) = Ra.
JdokazaresabcTBo. OcTaBieHO B Ka9eCTBE yIIParKHEHUSI. O]

IIpumep.
o X = {15,20}, maiitu (X).
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(X) — umean B Z, a Bce ueasbl B Z UMEIOT BUJ, N7, HAWTH N.

(X) ={152 4+ 20y | 2,y € Z} C 5Z

e Bkiriouenwue B JIpyryio CTOPOHY MOXKHO TOKa3aTh, mosry4unB ged u3 15 u 20.

n = ged(15, 20).

[ pra)I(HeHI/Ie: JO0Ka3aTh B IIPOU3BOJIbBHOM CJIy4ae.

JI1060it ujteast I 110 onpeIe/IeHUIO SIBJISIETCs OITPYIIION a/ITATUBHON ITOJIIPYIIIBI KOJIBIIA U 3a1a6T
pas3bueHne KOJIbIla HA CMEXKHBbIE KJIACCHI WJIN KJIACCHI BBIYETOB II0 MOy I, 0 9éM MOMIAET pedb
JAJIbIITE.

Onpedenerue 3.25. a u b cpaBanMbl o Mozymio [ (a =b mod I), ecmm a —b=a+ (—b) € I,

e a,b € R, I — upean R (neBblii, IpaBblil, WK JIBYCTOPOHHMIA).

JIemma. Eciu I — nBycroponnwmii ugean, a = a' (mod I), b=V (mod I), To
l.a+b=a+b=d+V (mod I).
2. ab=ab =d't/ (mod I)

dokazaresbcTBO.

1. OcraBiieHO B KavecTBe yIPaKHEHUS.
2.ab—abl =a(b—V) €. (rtak kak b — b € I, u I — unean) O

IIpumep. m,l € Z
m=1 (mod nZ) <= m—-1lenZ <= m—1lin < m=1[ (mod n).

Onpedeanerue 3.26. Ilycrs [ — nBycroponuuit uaean R.

o q)aKTOp—KOJIbLLOM no | Ha3bIBaeTCsI MHOXKECTBO CMEXKHBIX KJIACCOB B CPpaBHUMOCTHX II0 MOIYJIIO.

Bagamum cioxenue: R/I1: (ri+ 1)+ (ro+1) =1+ 1o+ I.

Bagaaum ymuoxkenue: R/I: (ry 4+ I)(ro+ 1) = rirg + 1.
e ITposepum mucrpubyruaocts caesa: (r1 + [)(ro + 1 + 13+ 1) = riro + I 4+ rirs.
e Vupaxkuenue: [Iposepurs qucTpubyTHBHOCTD CIIpaBa.

e Vupaxkuenwne: /Jokazarh KOpPPEKTHOCTD (HE3ABUCUMOCTD Pe3YJIbTATA CJIOXKEHUST U yMHOKEHMsI
OT BBIOOPA MPEJCTABUTEIA).

IIpumep 1. Z/,7 Teneps siBjsieTcsi He TOJIBKO (haKTOP-IPYIIION, HO U (PaKTOP-KOJIBIIOM.

IIpumep 2. K|x]/(f(x)), HOApOOHEE O HEM HOTOBOPHM IO3Ke.
K — noue, f € K[z].

Teopema 3.3. Ilycrs f,g € K[z], g # 0. Torma 3! q,r € K|z|: f = gq+ r, vie degr < degg.

lokazaresbcTBO.

CymecTBoBaHMe, UHIIYKIWS 110 CTeeHn [

e Ecau deg f < degg, Ttor = f,q=0.
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o f(x)=ap+ax+...a,2", g(x) =by+bix+...0,2™, a, #0,b,, # 0.
fi(z) = f(z) — g(x)§=2"~™, 31€Ch MBI HESIBHO HOJIb3YEMCs T€M, YTO B I10JI€ MOKHO JI€/HTD.

10 MHAYKIUN
—>

degf1<n qu,rl:flqug—i—rl

g=gp=a""+ fi = gp=a" g+ =g @) + 1
ITokazkeM eaIMHCTBEHHOCTD

e IlycTh ecTh pasHble pa3/IOyKEHUSI.

f=qg+1r =qg+ry, v0€ ¢1,q,71,72 € K[z], degry,degry < degg.

(¢1 — g2)g = ro — 71, CTENEHD CJIeBa CTPOTO GOJIBIIIE CTEIEHN CIIPABA.
e [IporuBopeune. [

YrBepxkaeuue 3.4. Ilycrb R — 00/1acTh IEJIOCTHOCTH.
Vf,g€ Rlz], g#0, g ="bpx® +by_12" 1+ ...+ by, bp € R*.
(cm ompejiesierre 3.8, TakzKe M3 MOCEIHEro ciaenyer, 9ro by # 0)

Torma Jq,r € Rlx]: f = gq + r, rakue uro degr < degq.
HokazarenbcTBo. AHajorndHo npeabiiyinemy jgokasareabersy. ( TODO: He monsTuo :( ). [

Teopema 3.5 (Teopema o romomopdusme). Ilycrs f — romomopdusm koser ¢ 1. Tormga
Alkerf ~Im f.

HoxkazarenbcTBo. V3 Teopemsl 0 romomMopdusmMe rpynm y Hac ecTb: ¢ A/ke r — Im f
Hy»xHo mokazars romomopdusm ymuokenus: ¢(ab) = ¢(a) ¢(b).

Yro ocTraBigeTcd KaK yIpaKHEHUE YUTATEIIIO. [

Onpedeaenue 3.27. Ilycrs Ry, R; — KoJbIia.
Omnpenenum Ry @ Ry = {(r1,72)}, KoJbIIO.
Bagaanm caoxenue: (a, b) + (¢, d) = (a +b, ¢+ d)
Bamaaum ymHOKenue: (a, b) x (¢, d) = (ab, cd).

3amevarue. B 1aHHOIl KOHCTPYKIIUM MHOTO JIeJTUTEN e HYJIs.

TODO: [Janpime 4TO-TO HA TEMY NPSAMBIX CyMM, HO 0€3 KOMMEHTapueB.

HF<G

¢:HXF — G, (h, f) =» fh — uzomopdusm

HNF = {e} — nHbeKTUBHOCTD.

hf=fh Vf e F,Yh € H— romomopdusm.

e G = HF — CIOPbeKTUBHOCTb.

VYrBepxkaenue 3.6. Ilycrs Hy,..., H, < G.

1. ¢: H x...x H, - G, — uzomopdusm.
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2. (a) Hz N (Hl---Hi—lHi+1---Hn) = {6} \4)
(b) hlh] = h]hN hz S Hl‘, hj iIlij
(C) G = HlHn

YrBepxkaenue 3.7. G — abeseBa rpynma. |G| < 0o
(¥):Vr € G In: ordx = p"
= |G| =p".

HoxkazarensctBo. Eciim H < G, 1o H toxke ynosnersopsier (*). G/H roxe ynosrerBopsier (*)
re€G/H = x=g+ H,ordg =p".
plr=p g+ H)=p'g+H=H=0 = p":ordz.
r e G\ {0}
H = (z),|H| = p",n # 0 (ara HeKoTOpOro n).
G/H| < |G| = |G/H]| =
|G| = |G/H||H| = p"*" O

3.5. Ilo/ste MHOTrO4YJI€EHOB

Kak mbI 06cyzknanm Boiine, K [x] sBisercs nosieM, ecau mojeM sisisgercs K. Ilpu 4ém B 910M 1107T€
Bce uieasibl umetor Bu f(z)K|z|, o6o3naunm sror unean kak [ = f(x)K|[x] = (f(x)). (Hamomunm,
9TO 3aIUCh B CKOOKAX 03HAYAET MJIeaJl, TIOPOKIEHHBIN 3jIeMeHTOM, cM 3.24).

Tak2Ke MblI 00CYZKIAIM, YTO MHOIOUIEHBI MOXKHO JIEJIUTH C OCTATKOM:
Hnsa moboro g(x) cymecrBytor emuncrsenubie ¢(x),r(x), takue uro g(x) = q(z)f(z) + r(z) n
degr < deg f

3amevanue. g(z) =r(x) (mod I), mpocro mo omnpenenenuto mod (cm 3.25).

3amevarue. Tem camMbIM BCe MHOTOYJIEHBI, IMEIOIINE OIMTHAKOBBIN OCTATOK IIPU JIeJIEHNN Ha KaKOM-TO
MHOTrOWIeH f() CpaBHUMBI JIPYT C JPYTOM II0 MOJLYJIIO.

JIemma. Eciu rq,79, f € Klz], u r1 = ry mod (f(z)K|[z]), 0o 11 =1y <= degr; = degrs.
HokazarenbcTBo. CiieicTBrE CI€Ba HAIPABO OYEBUIHO U3 OLPEIEICHNs Ueasa, JOKaKeM ClpaBa
HAJIEBO.

ry =71y (mod f(x)K[z]) = r1 — 1o = fh s vekoropoit dbyHkuuU h.

e Eciu h(z) =0, 0 11 = 79.

e Ho ecsm h(z) # 0, To deg(fh) > deg(f), o deg(ry — r2) < deg(f). IIporusopeune. O

Sameuanue. Hedopmambno mokno aymars o dakrope K[r]/ () k[z) KaK 0O MHOIOUIEHHAX CO CTelle-
upto Menbineit f. K[z]/I ~ {r € K[z] | degr < deg [}.

JIemma. Ilycre R — obuiacThb mesocTHOCTH (KaK YacTHBIA caydail — moae), f,g € R[x], a« € R
1. Ecm f(a) =0, 10 f(x) = (x — a)q(z), rue q(z) € R[z], degq = degf — 1.
2. Eciiu n = deg f, To f umeer He OoJsiee n pa3IuYIHBIX KOpHEH B R.

3. Ecmdeg f =degg=nmu f(ay) =g(a1),..., f(anr1) = g(@ns1). vie o € R u pazmuansl. Tormpa
MHOIOYJIEHbI DABHBI (T.€. TIOMAPHO PABHBI BCe KOI(DQUIMEHTHI).
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dokazaresbcTBO.

1. Ilomenum f ma * — & ¢ OCTATKOM:
f(z) = (x —a)q(x) +r, degr < deg(r —a) =1 = degr =0 = r — KOHCTaHTA.
f(z) = (z — a)q(z) + C.
fla)=04+C = C =0 (Tak KaK o — KOPEHB).

2. Nanykiuys mo n:

Baza (n =1). f(z) = ax + b (a # 0) xopHeii aBHO He Oosee, weM oxuu. Eciu a meobpartuM, T0
BOOOIIE HOJIb.

ITepexon. ITycts [ umeer kopuu (nHave 0 < n) ¥ o — ONUH U3 HUX.
f(@) = (z—a)q(z), degg=n—1
q umeer He 6osiee yem n — 1 Kopenb. Kownerr.

3. h(z) = f(z) — g(x), degh < n, h(a;) =0 g n + 1 aasd.

Ho Mmuorousnen e moxxker uMmernb boJiee n KOpHefI, cJIe10BaTEJIbHO OH HYHGBOﬁ. O

3amevarnue. MoxHo cuutarb, 9T0o deg () = 00, TOrIa BCE PABEHCTBA OCTAIOTCS BEPHBIMU U JJIsi 9TOIO
cJIydas.

YopaxkHeHue: JlemMMa BbIllle BepHA TOJIBKO B 00JIACTU TIEJIOCTHOCTH, IIPEJJIAraeTcs MOCTPOUTD ITPU-
MepbI KoJter] (BHe 00J1acTell IeJIOCTHOCTH ), [T KOTOPBIX 9TO He OyIeT BepHO.

Onpedeaenue 3.28. Ilycrs Ry, Ry, ... R, — acconmaruBHbIE KOJIBIA C 1.
Ompenesmum R = Ry X Ry ... X Ry,:

o (riy.ooyr)+ (M, ) =(r+7, . 1),

® (1iyey ) x (1) = (Te kT, T kT,

TODO: IIpuuém sta 6epésa? (r1,0,0,...) (0,72,0,...) TODO: /mpuuém
31ech u gasiee B ry1aBe R o3HAYaeT KOMMYTATUBHOE KOJIBIO, a [, .J — ero miaeaJbl.

Jlemma. I N J umeas.

HoxkazarenbcTBo. OcrasiieHo B KadecTBe yupazkHeHus. CoBeT: BOCIOIb3YHTECh OPEeIeHIEM Ule-
arna (3.22). O

Onpedenerue 3.29. Onpeneum [ +J ={a+b|a € I,b € J} Kak Bce BOSMOXKHbIE CyMMBI.

3amevanue. [+ J dBisgercd ujaeasioM, TaK Kak:

e [ + J HecoMHEHHO 00pa3yeT MOAIPYNIy aJJIMTUBHON IPYIIIbI KOJIBIIA.

¢ TODO: monucarb BTOPYIO YacTh

3amevanue. [+ J HamMeHbINNA uaeas comepxKammuii u [ u J.

Wnaue rosops, [ +J = (1 U J)
TODO: why?

Onpedeaenue 3.30. ITpoussenenune uneasnos I.J = ({ab|a € I,b € J}) — 910 umeasn HOpOKAEHDII
BCEMH IOIIAPHBIMU [POU3BEICHUSIMU.
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3amevanue. [J # {ab|a € 1,b € J}, Tak Kak MOJIyI€HHOE MHOYKECTBO UJIEAJOM HE SIBJISETCS.

TODO: unsorted
IJ={>"ab;|a; € I,b; € J}. (ra)b, ra € I.
nZ, < +n.

Onpedeaenue 3.31. Uneasnr I, J HazbBatoTCsA B3auMHO TIpocThiMu, ecom [ + J = R.

3amevanue. Paccmorpum R = 7, upeasbl nZ u mZ B3aUMHO TPOCTbl <= dx,y € Z: nx +my = 1.

JokaszareabcTBo. nZ + mZ = dZ.
nZ + m7Z 2O nZ, mZ. CiegoBarenabuo m : d,n : d.
Bzanmuo mpoctsl <= d=1. => nZ+mZ =7Z. {nx+my | z,y € Z}

<= Comep:KuUT eIUHUILY, a 3HATUT BCE KOJIBIIO. Il

TEIIEPb TPEBYEM R umerb eauHwUILy.

Jlemma. Ecmu [, J Bzaumuo nipoctsl, To [J =1U J

HdokazareabcTtBo. C. [J C U J.
VrelJr = vazl a;b;,a;b; € I' U J a 3HaYUT ¥ UX CyMMa JIEKUT B IEPECEICHUMN.
O, I wuJss mpoctret — [+ J=R,1€R.
=— daecl,beJ:a+b=1.
[Iyctrb z € INJ,x =xx1 =21z (a+b) =xa+ zb.
za€ (INJ),xzbe (INJ)J.
xa+axbe lJ. ]

3amevarue. Obparure BamManue, 9ro IJ C I U J misa Bcex mmeasos I, J.

Teopema 3.8. llycts R koMM acc Koab1o ¢ 1, I, J B3 mpoCTble UI€AJIbI.

Torma R/IJ = R/I & R/J

Mgcd(m,n) =1 <= Cpp = Cyy X Cy.
MZ/mnZ = 7/nZ & Z/mZ.

HokazarenascrBo. f: R — R/I ® R/J.

ComocraBuM 06beKTy 11Ba ero kiaacca mo moxysasam I, J: f(r) := (r mod I,r mod J),r mod I =
r+1I.

Kaxkast mpoekiiust BJIsieTCs TOMOMOPMU3MOM, 3HAYUT ITO TOXKE TOMOM.

Kerf=InJ=1J.

Kerf={reR|rel,reJ}=1INJ

ITo Teopemy o romomopdusme KoJIel] moaydaeM TpedyemMoe ]

JIlemma. R acc komMm KoJib1o ¢ 1. Eciu naean I B3 mpocT ¢ KaxKAbIM U3 ujeaJsioB Jq,...J,, 1o [ B3
IIPOCT C WX HPOU3BEIEHUEM ....

HokazarensctBo. R=1+J, =1+ J)R=1+J,(I+ Jy) =1+ I+ J1Jo CJ+ I[1I5 1 Ttak nasee.
C]+J1J2R:]+J1J2(I+J3) OJ
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Teopema 3.9. [, ..1, TIOITAPHO B3 ITPOCTBI.yyy 5050000000005 s

3amevanue. R = 7.
mai, ... My — HOMAPHO B3 Ip IIEJIble THUCIA.
n=mipms... M.
ZInL =7]m\Z&...B7L/my
Teopema 3.10 (Kuraiickas Teopema 06 ocrarkax). st io6oro Habopa OCTaTKOB T ... Tg. 3T € 7
r=1r; modmy .... z =1, mod my

[Tpuyaém ecoiu x u y ABJ PEIIEHUSAMU ITOU CUCTEMbBI, TO & = Yy mod n.

HoxkazareabcTBo. 7 £ =17 mod my. ... x =1, mod my.
(mi,mj) =1.
n=my...my.
n; = n/m;.
(my,n;) =1 = 3z, y: € Z: muz; +nyy; = 1.

ny; =0 mod m; j #iny; =1 mod m; j =1

l= Ele Tin;Yi-

Vi:1<i<k:

I = ringy; = rymodm. [l
3.6. 141116

TODO: 141116, unsorted

Onpedenerue 3.32. Diement b peaur vaeMeHT a (3amuchiBaercsa Kak b | a), ecnm a = be mis
HEKOTOporo ¢ € R.

YrBepxkaenne 3.11.

o bla <= a€bR <= aR CbR

e ac R <— aR=R
HokazareabctBo. TODO: O

§1IpocTbie U MaKCUMAJIBHBIE UICAJIBI.
Onpedeaernue 3.33. Ilycrs I — uneas, Torga I npocroii, ecoim Va,b € R: abel = a€IVbe I

Onpedenerue 3.34. | — makcuMasIbHbIH, ecyn s joboro uaeana J: [ C J C R = J = R.

link: tointro.
3amevarue. B 1esIbIX dmcIax MOXOIY COBIIAIAET.

JlemMma. Ilycts I — unean R, torma 3J — unean, [ C J C R u J MakcuMaJIbHBIN.

HokazareabcrBo. Pacemorpum muoxkectBo X = {K | K — ugean BR, K O I, K # R}, BBeném Ha
HEM YACTUIHBIN MOpsIOK BKoUYeHus (C).
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[Tokazkem, 9TO JH000€ JTUHEHHO YIIOPSIOUEHHOE ITOAMHOXKECTBO X MMeeT BEPXHIOI I'DaHb.
[Tycrs {L;} — npou3BOIBHOE JIMHEHHO yIOPSIIOUYEHHOE TTOMHOXKeCTBO, L = NL;.
IIycrs a,b € L, Torma a € L;,b € L; (1151 HEKOTOPBIX 1, j).

Ho MHOXKeCTBO JIMHEHHO YIOPSIIOYEHHO, 3HAYUT OJIHO JIEXKUT B JPYIOM (COBIIAJIEHUE TOXKe JIOILyC-
KaeTcst), 6e3 morepu obmHoCTH JaBaiite caurars, yto L; C L.

Canenosaressno a,b€ Lj = a—be L; C L.
[?] Vr € Rra € L; C L. O

3amevarue. R — obnactb nesoctHocTr <= {0} — mpocroit umeas.
Ob6macTpb nemocTHocT <— ab=0 =— a=0Vvb=0.
Unean npocroit < ab € {0} = a € {0} Vbe {0}.

VYupaxkuenme: (0T Ipernona)
1. f: A— B, romomopdusm koster, I C B, [ — mpocToii uaeadt.

Torna f~*(I) — npocroit nuean B A.

2. f: A— B, suumopdusm koser, I C B, [ — MakcuMaJIbHBIIA.

Torma f~!(I) — MakCUMAaJILHBDIIA.

YrBepxkaenue 3.12. Ilyctb R — KOMMyTaTHBHOE acCOIMATUBHOE KOJbIIO ¢ 1, I — uieas B R, Torma:

1. I — npocroit <= R/; — 06JacTh 11€JI0CTHOCTH.
2. I — makcumasibHBIE <= R/; — noue.

3. Ecnu I — makcumasibublil, TO [ — TIPOCTOIA.

Jloka3aTesbCcTBO.

“—=”. (1) B R/ Her nemwuresieii Hys.
(a+1)b+1)=1 = aclIVbel
(a+1)(b+1)=ab+1

“=”Vr & I snement r + I obpatum B R/;.

I — vakcumambaeiit, 7 ¢ I = [ C I +rR = R (pasuo R, Tak Kak | MaKCHMAaJIbHbIIA)

“" Ilycts I C J C R.

Ir e J\ I, R/; — none, cnemoaresbro 3z € R: xr =1 mod I. rve. [+ TR=R,ul+rR CJ
impliesJ = R. ]
IIpumep. Q[z,y] — mMHOroOwNeHs! OT ABYX nepemenunix. Qlx][y] = {>° a; jz'y’}

I = (z,y) = 2Q|z, y] + yQ|z, y], obpaTuTe BHUMAaHKE, YTO ITO HE IVIABHBII UIEAI.

J = (z) = 2Q[z, y].

Q[, Y]/ 200y = Qly] — obiacTs neI0CTHOCTH.

He noue.

J — mpocToit ngeas, HO He MAKCUMAJIbHBI.
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Hamee R ob1acThb 1MEeJI0CTHOCTH
YrBepxkaenue 3.13. R — KOJIbIIO IJIABHBIX MIEAJIOB.

I # {0}, I — mpocroit naear. =(......

HokazareabcTBo. [ = pR, nycts [ C J C R, J — unear.
R—KIN —= J=qR pRCqRCR
p=qr, pR — npocroit — (¢ € pR = pR=¢qR)V (r € pR = r = ps).
p=qr=qspp(l —qs) =0 = g€ R* < qR=R. =

§DakTOpUAIBHBIE KOJIBIIA.
[Iyctb R — 00J1aCTh 11€/IOCTHOCTH.

Onpedenenue 3.35. a,b € R, a u b acconmupoBannbie, eciaun alR = bR.
(nmm, sxBuBasienTHo, aR C bR, bR C aR <= alb,bla).

IIpumep 1. B Z n u m acconmuupoBaHbl, €CJIA N = 1M WX N = —M.

ITpumep 2. B Klz| (rne K — none) f u g accormmposansl, ecau f(x) = cg(z), ¢ € K[z] \ {0}.
IIyctb a ~ b, eciu a acconuupoBaH ¢ b.

Onpedenerue 3.36. a € R\ R*. a nenpusoaum, eciu a = bc = a~bVa ~ c.

3ameuarue. AcCCOIUUPOBAHOCTD SIBJIIETCS OTHOIIEHUEM SKUBAJIEHTHOCTH.

JIemma. Ilycrs a,b € R\ {0}, Torma:
l.a~b < a=be, rae eps € R*.

2. a — menpuBoguM <= (a =cd = c€ R*Vd € R"

dokaszareascTBo. “—”

an~b <= bla — a=be=aade = a(l—0e)=0 = € R’ (1)
alb = b=ad (2)
(3)
“” Quite Sad.
2)a=bc = (a~bVar~c)
[Tyctb 6.1.0. a~b = a=bs,e € R* = be=bc — ble—¢c)=0 = c=c.a=0bc O

3.7. Bropas mapa 141116

Onpedeaenue 3.37. R — obyacthb nemoctHocT. R — dakTopraaibHO, €C/ii JII000H 3JIeMEHT €I1uH-
CTBEHHBIM 00pa30M PaCKJIaIbIBAETCS B IIPOU3BEICHIE HEIIPUBOIUMBIX.

EuHcTBeHHOCTD BILIOTH JI0 IOPAIKA W aCCOLMUUPOBAHOCTH:
Ecmu epips ... pn ~ Oq1¢s . . . ¢ (TIe p;, q; HEmpuBOAUMSBL, €,0 € R*), Ton =m u J0 € S,: p; ~
4o (i)

Teopema 3.14. Ecau R — KoJbIO TVIABHBIX UJIeaI0B, TO R hakTopuabHO.
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,ZLOK&B&TGJ'IBCTBO COCTOUT M3 HECKOJIbBKHX JIEMM:

JIemma (1). R — KOJIBIO IVIABHBIX WJI€AJIOB, G, ¢ € R, ¢ — #wenpuomum, —cla = aR+cR =R

JlokazaresabcTBO. R — KOJIBIIO IVIaBHBIX naeajgoB —> aR +cR=bR — c€ bR = ¢ = bd.
Tak kax HempupoauM, TO ¢ ~ b wiu b € R*.
Hoc~b <= cR =bR, no Torga a € bR = cR, 1.e. c|a, HO 9TO JIOKb.

be R* <= bR = R, 9TO MBI U XOT€JIN. O

Jlemma. R — KOJIbIO TVIABHBIX HIEAJIOB, a, b, c € R, ¢ HenpuBOIuM.
Torna (clab = c|a V c|b)
Nuage rosopsi, cR npoctoit: ab € cR = a € cRV b

HoxkasarenbcTBo. clab, mycts —cla u —clb.

Torma mo mpeapiayteit jjemme cR + aR = R u cr + bR = R, u3 9ero mo Kakou-TO JieMMe U3
KUTANCKON TeopeMbl 00 ocTarkax ciemyer, 9to cR B3aumuo mpocr ¢ (aR)(bR) = abR.

Uroro: cR + abR = R u ab € cR.

Ho ¢R + abR = cR (Tax xak c|ab), ciaemoBaTesbHo cR = ¢, 970 BO3MOXKHO <=> 00paTuM.

Ho ¢ menpuBoauMm, mpoTuBopevne. 0
Onpedenenue 3.38. Koubiio HaspiBaeTcss HETEPOBbIM, ecit 11 < [y < ... < Iy — mmeasinl R, TO
In —dp41l — -0 -

JIemma (3). Eciau R — KOJIbIIO TTIABHBIX UEAJIOB, TO R HETEPEBO.

JdokazaresbcTBO. R — KOJIBIIO IVIaBHBIX naeasoB —> [, = riR.
o0
I = () I; nneaut:
i=1

a,bel = a,bel;, = a—be l,racl;, Yk, Vr € R.
Caenosarenbao I = qR, nns sekoroporo q € R. Cnenposarenbro dn: g € I, =, R
g€ lhy1=rp 1R — qRCI,,1,v0qR DO I,,, — qR=1,,1. O

JIemma (4). Ilycts R — KOJIBIIO IVIABHBIX HeasoB. Toraa Jioboil HeHyIeBOl HEOOPATHUMBII SJIEMEHT
PaCKJIaJbIBAETCA B IIPOU3BE/ICHNE HEIIPUBOIUMBIX.

HoxkazarenbcrBo. 7 € R\ R*,r # 0.
rR comep:KuTcsd B HEKOTOPOM MaKCHMaJbHOM ujeaJe M.
M=pRrRCp R < r=piri,m1 € R
pR — max = piR — npocroit = (abip; = aipiVbip
pr=ab = a~p Vb~ p
W u3 BCero 3Toro ciemgyer, 9TO p; HEIIPUBOINM, T.€.
7 = p1r1, P1 HEIIPUBOJIVIM.
Ecnu r; € R*, To r = p17; — UCKOMOe pa3jioyKeHne. X3.
Ecmm m ¢ R*, To R # R, moaromy 1 R C ps R — MakCUMAaJIbHBIA. I = P1Pals.
N Tak maJjiee MOXKHO IIPOMAOJIZKATH PACKJIAIbIBATD.

JIubo r, € R*, Torga ycuex.
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r1 = pare, 1R C 1R (4)
Ty = p3r3, T2 R C 3R (5)
— MR CreR Cr3R..., majgee BCE XOPOIIO MO JeEMMe 3. O]

Jlemma. Ecau:
e R — 0bJyacThb 1EJOCTHOCTH.

e YV HEMPUBOJIMMOIO dJIEMEHTa €0 Uj1easl IPOCT.
e YV HeHyJI€EBOrO HEOOPATHMMOTO 3JIEMEHTA €CTh PA3JI0KEHNE B IIPOU3BEICHIE

To R — dakTopuaabHo.

HokasaresbcTBo. J[0CTaTOYHO 10KA3aTh €IMHCTBEHHOCTH DA3JIOXKEHUS, BOCIIOJIb3YEMCs WHIYKIIH-
eit mo min(n,m)
n=>0, ...

[Iepexon: n > Op, — HenpuBoguM =— p, R — mpocT.

a) ¢ — HENPUBOIUM, ¢ = Pp0,0 € R* = ¢ ~ p,.

b) Takxe ep;...py ~ Oq ... qm

(a), (b)) = ep1-- - Pn1 ~O¢ ... Y 1Gis1 - - - G-

[To npenmnosnoxkenuio uHAYKIMU N — 1l =m —1 = n=m
Jomexmua t: {1,...,n—1} = {1,...I1=1,14+1,...m}, p; ~ @)
ti) i<n—1

l i=n

sigma € Sy: 0(i) = { O

3amevarnue. I3 Bcero BBIMIECKA3aHHOTO ciaeayer reopemMa o Q)aKTOpHaﬂbHOCTI/I KOJIbIla I'JIaBHBIX HIE-
aJIOB.

Onpedesenue 3.39. Ilycrb R — obsiacTb 1es10cTHOCTH, Ha30BEéM R eBKimioBbiM, ecam Jv: R\ {0} —
Nu{0}:

Va,be R :

1) v(ab) > v(a)

2)dg,re€R:a=bg+rur=0Vv(r) <v()

QyHKIMS I HA3bIBAETCA €BKJIMJIOBOM HOPMOIA.
IIpumep 1. Z, v(z) = |z|.
IIpumep 2. K — none, pacemorpum Kz|: v(f) = deg f.
IIpumep 3. Z[i] := Z[x]/ 241, v(a + bx) = a® + b?

YrBepxkaeuue 3.15. EBkiumoBsl Kosbiia C KOJbIA IMIABHBIX Haeaa0B C (akTopuaababie C obJia-
CTHU TIEJIOCTHOCTH.

HokazareabcTBo. llokaxkem, uTo R — €BKJINIOBO KOJBIIO, TO R — KOJBIIO TJIABHBIX UJICAJIOB.
ITycrs I — ero ugnean, ecim [ = {0}, ro I = OR.

Pacemorpum b € I, BoibGepem sjiemenT ¢ MuH HOpMOi v(b) = min v(r), nokaxem, uro bR = I.
rel

ITyctes a € I, Torma dq,7: a =bg+r: =0V v(r) < v(b).

[nasa #3 27 u3 41 Aprop: Carorun JImurpnii



Arebpa Kombia

Hor=a—-bgel, tak kak a € I,bq € I.

Caenosaresnsho 7 = 0V v(r) > v(b), caenoBaresnbro r = 0, a = bg. O
Onpedenenue 3.40. d = ged(a,b), ecau d|a, d|b, u u3 c|a, c|b, To c|d.

3amevanue 1. gecd onpenesiéH ¢ TOYHOCTHIO JI0 ACCOIMUPOBAHHOCTH.

TODO: Henousiit npu uéMm 3aech 3ta 6opoaa . (a,b) = aR + bR.

3amevarue 2. R — KOJBIO IIaBHBIX uieasio, akR + bR = dR, d = ged(a,b).

3.8. 211116, unsorted

P.s. R — 061acTh 1IeJI0CTHOCTD.
Onpedenernue 3.41. a,b € R, d = ged(a,b), ecu d | a,d|buVe: c|a,c|b = c|d.
%. a,gi/ze:w (%‘féa’ b) <= dR — manMeHbIIWI TTIABHBIN njeas, cofepxRamuit u a u b. (aR + bR).

2. ged OnupenesiéH ¢ TOYHOCTBIO JI0 aCCOIMATUBHOCTH.

Teopema 3.16. IIyctb R — KOJIBIIO TJIABHBIX UJIEAJIOB.

a,b € R, rorpa Jr,y € R: ax + by = gcd(a, b).

HokazarenbcTBo. R — KOJIBIO IVIaBHBIX HjeaioB —> aR + bR = dR u d = gcd(a, b0,
d|a <= aR CdR
de€aR+ bR ={ax+by|z,y€ R}. O

Onpedeaerue 3.42. a,b — B3aMMHO IIPOCTBIE, €CJIN Y HUX HET HEOOPATUMBIX OOIIUX JEJIUTEel.

YrBepxkaenue 3.17. R — KOJIbIIO IVIaBHBIX uaeasoB, a,b € R. Torna a,b — B3auMHO TIpoCTbIe <>
aR, DR — B3auMHO TIPOCTHIE.

JokazarenbcTBO. a,b — B3auMHO npocrble <= 1 = ged(a,b) <= 1 =ar+by < R =
aR+ bR <= aR, bR — B3auMHO TIPOCTHIE. ]

Onpedenernue 3.43. a,b € Rl =lecm(a,b), ecm a|l,b|l,uecmalc,b|c = 1]ec.
3amevanue. | =lcm(a,b) <= [R — mambosbIuii TJIABHBIN naeas, cofepxKamuiicsa B alR N DR.
3ameuanue. alb <= bR C aR.

Teopema 3.18. a, b — KoJIbIO MIaBHBIX Haeasnos, a,b € R\ {0}, rorna lem(a, b) = ab/gcd(a, b).

[Ipu sTOM moc/eHEeE PABEHCTBO BEPHO C TOYHOCTBHIO JIO aCCOIMUPOBAHHOCTH.

HoxkazarenbcTBo. d = ged(a, b).
a=dd, b="0bd,ad, b € R.
d=ar+by = 1=dz+ by, 60mee popmanbHO:
d(l—d'x—by)=0,n0d#0a R — obiacts 1ej0cTHOCTH, CaejgoBareabHo 1 — o'z — b'y = 0.
(side note) lem(a,b)R = aR N bR.
(side note) ab/d = a'b'd.
ce€aRNbR
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c=cx*x1l=rcdx+cby e dbdR.
c €bR,ca’ € ba'R = d'VdR.
lem(a,b)R = aRNbR C d'V/dR = 2R

Ko,

a't'd=ab' € aR (6)

a'b'd = ba' € bR (7)

abde aRNbR — d'b/dR C aRNbR. [
8,

Hamnee Mbl Tpedyem EBKIIMIOBOCTH KOJIBIIA.

JIemma. Va,b,c € R: ged(a,b) = ged(a — be, b).
_? _

HokusiromE5ag — 01

ged(a,b)R = aR + bR, ged(a — be,b)R = (a — be) R + bR.

“D”a—bc € aR+bR,b € aR + bR.

“TbebRC(a—bc)R+bR,a=(a—bc)+bce (a—bc)R+ bR. O
JIemma. ged(a,0) =a

3amevanue. ged(a,b)R = aR + bR = (a, b), rye nocseHee 03HAYAET WJIeaJl, TIOPOKIEHHBIA a ¥ b.

[Tosromy wacTo HanbOBIINIA 00Kl TenTesib 0003HAYAIOT Yepes (a, b).

Anropurm:
TODO: Bépcrka

a,b € R, v — eBKJIMIOBa HOpPMA.

a=>bgy+1rob=roq1 +11

7 = Tiy1¢ip2 + 0

YrBepxpaercs, 9to 141 = (a,b).

ro =0V v(rg) <v(b), (a,b) = (a — bqo, b) = (19, b) = (b, 70)

rr=0Vuv(r) <v(ry), (b, o) = (10, T1)

§

0 —d|b

d| d]b

Ecma d | b, 10 {7 € Z/mz | ax = b} = {xo, 20 + T, 20 +2%,..., 20+ (d — 1) }.

Jlemma. |{z € Z/z | ax = b}| = {

HoxkazarenbcTBo. 1. [Iycts —d | b.
Ecmu xy — pemenne, axg — b = mk, voe k € Z.
d|a,d|m,b=axrg—mk = d|b
a=da,m=dm.
2. ** Yro-10 yexasiiee IajaeKo U Hamoaro **

3. a) Ecin xq — perenne, To xy + k2
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6) ITycrb x; — pemenwue, T.e. ax; = b (mod m), axg =b (mod m) = a(x; — z9) =0 (mod m)
&(xy —29) =0 (mod &) O
Bamevanue. ged(a,b) =d =ar+my = 1= 0+ %y <= 9§, — B3aUMHO HPOCTLIE.
Gy —m) i 7
r1 — 20 =0 (mod %)

T :Io—{—l%

§InodanToBbl ypaBHeHUs B esblx gncaax (7)

JIemma. d = ged(a,b)
Torga eciiu —d | ¢, 10 “ax + by = ¢” Hepaspemmmo B Z
A eciu d | ¢, 10 “ax + by = ¢” pa3peiuMo 1 BCe PEIIeHrs] UMEIOT BUI:

T =z + Sk,y =y — %k, k € Z.

HoxkazarenbcrBo. 1) Eciu xo,y0 € Z, axg + byg =c¢, 10 d | a, d | b, d | (azo + byy), T.€ d | c.
2) Ecim d | ¢, To ¢ = d(
d=ged(a,b) = ax+by=d, x,y € Z.
arcd +byd =dd =c = xyg=2ad,yy = yc.
3) Ecim azy 4+ byy = ¢, axo +byg = ¢ = a(xy — xo) + b(y1 — yo) = 0.
§(21 = w0) = —3(11 — vo)-
d=(a,b) = % % — Bzamuno npocrere.

xl—xgig=>xl—a:o:kg,yl—yoz—kzg,r;LekJEZ. []
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4. KoabIio 11eJIbIX 4YlMceJl, TeOpUsl duce

4.1. 281116, BTOpada mapa, unsorted

Kak obcyxnanocs panee |(Z/7)*| = ¢(p*) = p* 1 (p— 1)

Jlemma. B rpymme (Z/,17)*:

L. ord(p+1) = pr!

2. Ilycrs (d) = (Z/pz)*
Torma ord d** ' =p—1

3. (p+ l)dpk_1 — IepBOOOPA3HLIN KOPEHb M0 MOIymo pF, T.e:
(Z/ p7) — MEKITYECKAs.

Jloka3aresbCcTBO.
1) (mo memme TODO: 7 ) n=pm=k.

(p+ 1P =1+p" (mod p+)

(p+ 1) =1 (mod p*) = ord(p+1) | p*

Ecmu ord(p + 1) < p*~1, To ord(p + 1) | p*~2.

Ho o semme (n=p, m=k—1) (p+1)»" " =1+ pF ! (mod p*)

2) d"" D) =1 (B Z/,z).

(d, p) =1,d € (Z/,z)*, npeasiaymiee BepHO 10 TeopeMe sitnepa( TODO: 7))

— ordd” " |p—1

(@ ')V =q <= d" ""=1 (mod pF) = d"" ' =1 (mod p)

— PFli(p—1) <= li(p—1) = ord(d” ) =p—1

3) ord((p + 1)) = (0 seve) = (p — Lp~* = |(Z/ ez’ .

OO6cyM YacTHBIN cydail p = 2.
(Z)32)*| = $(2F) = 2871
Ecmm k=1, 1o (Z/22)* = {1}

Ecmu k = 2, 1o (Z/47)* ~ Cy (mpocTo 1o ToMy, 9T0 Jifobast TPYIIHa TAKOTO MOPSAIKA [UKINIECKasT ).

Jlemma. B rpymme (Z/,17)*, upn k > 2:

1. meN\{1} = 5" —1=2" (mod 2"+!)
2. B (Z/2kz)*1
(a) ord(—1) = 2,o0rd(5) = 2¢~2

(b) (=1)N(5) = {1}
3. (Z/ka)* ~ (Cy X Czk—l.

JokazaTeabcTBo. OcTaB/ieHO B Kad4eCTBE CaMU-3HAETE-IEero. ]
k
Teopema 4.1. IIyctb n € N, n = p'fl <...-p)', TOe p; — Pa3JIUYHbBL.
[Ipuuaém ecom n & 2, To p; = 2.

Torma:
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C k1 X .o X C g1 ni2Vn:4,ni8
Py ( Py (

p1—1) pi—1)
(Z)z)* =~ Cp§2_1(p2—1) X ... X Cpfl_l(pl—l) n:2 nl4

Cg X Cle—z X Cp§2—1(p2_1) X ... X Opfl_l(pz—l) n:8
HokazareasctBo. TODO: He yka3zano... ]
Teopema 4.2. (Z/,7)" uukindeckass <> BbIIOJHEHO OIHO U3:

e n =p* p — mpocroe, p # 2

e n=2pF p— TODO: npoctoe sm , k € N {0}.
en=4

TODO: ..

(a,n) =1. a®™=' =1 (mod n)

Onpedenenue 4.1. Oyukrmua Kapamaiika A: N — N.

A — 9KcIoHeHTa rpynnbl (7 /,z)*

An) | ¢(n), Iycrs n = pft - ... -pf’
Teopema 4.3.

1) Ecim nin, 1o A(n) = lemy<i(p (p; — 1))

TODO: mra?

n=2m,k > 3,mi2
2) (a,n) =1,a*™ =1 (mod n)

4.1.1. Tect pepma HaA TTpOCTOTY

n — mpocroe = a" ' =1 (mod n) ((a,n) =1,1<a <n).

T CZ/uwz \ {0} — MHOXKECTBO TeX @, JJisi KOTOPBIX TECT MPOiiJIEH.
1) Eciim n — npocroe, 10 T' = (Z/z,)

2) IT1/6(n)

Tect ®epma T = {a | a" ' =1 (mod n)}

Onpedeaenue 4.2. Cocrasuble unciaa n, Takue 941o |1,| = ¢(n) HA3BIBAIOTCS MCEBIO-IPOCTHIMY JIJIsT
JIAHHOT'O TECTA.

Onpedeaenue 4.3. Yucna Kapimaiikia — 1mceBIompocTbie Iucaa s TecTa gpepma.

Hawnmenbee unciio Kapimaiikiaa — 3To H561.

Tect Ditepa:
Hezauem TecTupoBaTh 4€THBIE YUC/IA C HUIMU U TaK BCE sicHO. JlaBaiiTe TecTUpOBATH TOJILKO HEYET-
HBIE.

T={ala"s =1 (mod n)}

VYBBI TO)KE ecTh 1ceBaonpocThie. [ITpumep: 1729
T 1

SUP 5oy S &
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Ecnu cocraBHOE, TO BEPOATHOCTD JleTeKTUpoBanus depe3 10 3amyckos: 1 — leo

4.2. IIIndbpoBanue
4.2.1. IIpeaguciaoBue

P— fC— f71P.
Ine P, C' — mocse0BaTeIbHOCTH U3 CUMBOJIOB KaKOro-To ajidasura (mycts Z /,z)

[Ipumep odenb mpocToro mudpoBaHUA:
o x— fr+b

oy fly —b.
['ie b — 9TO CeKpeTHBIN KJIIOU.

Boobme Tak cebe mudpoBanue, IOTOMY 4UTO:
e Moxkno mpocTo mepebparh b (He Tak y»K U MHOTO KOMOMHAIIWIA).

e YacToTHblil aHau3 (HEKOTOPbIEe OYKBBI BCTPEYAIOTCS YAIIE YeM JIDYTHe, TEeM CaMbIM MOXKHO
nepebupaTh TOJIBKO OYEHb MAJIOE YHUCJIO TUIOTES).
Bropas monbiTka:

e © — fax + b, tae a obparum (uro BepHO <= ged(a,n) = 1).
oy fral(y —b), rme a”! moxkno maiitu kax a®™) ! umm anropmr™ Eskmmpa 1 = 2N + ay,
ged(N,y) = 1.

EcJin 3HaeM Kyia iepexoisT jiBe OyKBbI (CKazKeM U3 TOTO YK€ YaCTOTHOIO aHAJIN3A ), TO TOKE KOHeIl

mudpy:
ary +b=1y

)
axs +b=1ys
pelaeM u 1oJiydaeM OTBeT.

UNnesa: masaiite HaiinéM Takyo (QYHKIUO f, 9TO €€ HECJO0KHO BBIYUC/IUTH, HO CJIOXKHO HAWTH
oOpaTHYIO He 3Has KaKOro-To ‘cekpera’’.

4.2.2. RSA

Ba genoBeka (ckaxkem Asmca u Bob) xorsiT Ge3omacHo 06MEeHUBATHCS HHMOPMAITUEI.

Pacemorpum coieyronuii aaroputm (RSA):
e Ajnca BeIOMpaeT GOJIBIIOE MTPOCTOE YHUCIO P, a BoO BbIOMpaeT OGOJIBIIIOE TTPOCTOE YUCTO ¢ F P
(KaK 9TO ¢jie7aTh CM B IPEIBIIYIUX CEPUsX ),

e Onpenemum N = pq, 3amernm, 910 ¢(N) = (p—1)(¢—1) = N —p—g+1, 910 JIerKO BBIYUCIAETCS
Anucoit 1 BoboM, 3HAIOIUME P, ¢ U CJIOKHO BBIYUC/ISIEMO OCTATLHBIMU.

e Ammca u Bob Beibupaer Hekoe e: 1 < e < ¢(N), ged(e, p(N)) = 1.
e Onpenenum dyukimo mudpoanus: f(x) := x°
e Haxomum d € Z, takoe aro de = ¢ (mod ¢(N)).

e Ompepemmm [~ (y) = y?. Torma f~'o f = 2% = 2! THW) = g qak xax 2°0) = 1.

e Uror: moboit, 3uaromuit N, e MOXkeT MudpoBaThb, HO TOJbKO 3HAIOIINAE P, ¢ MOTYT OBICTPO
caeaTh Jemu@poBKY.
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4.3. CpaBHeHUS 110 MO/LYJIIO

f(z) =0 (mod N) <= f(z) =0 (mod pF), tme n = p&* % ... % pi*.
ar® +br +c=0 (mod p)
*+atbr+ate=0

Ecmu p # 2, To ypaBHEHMe BbIIlle SKBUBAJIEHTHO:

2
-15\* _ _ —2p2
<x+ 4 ) =a 'e+79 = (mod p).
Bompoc o nioBosy p = 2 3aMHEM.
Onpedeaerue 4.4. Ilycrs (a,m) = 1. a — KBaJIpaTHBI BBIYET IO MOJIYJIO M, €CJU CPABHEHUE
r? = a (mod m) — pasperumo.

3amevanue. AHaJIOrMYIHO BBOAUTCA IIOHATHE KBaAPAaTHOI'O HEBbIYETA.

Onpedeaernue 4.5. Ilycts p — npocroe gucio = 3.

Fp = Z/pz.
3ameuarnue. Kak Briocsencrsum OyJeT oKa3aHo, JIIOOO0E T0JIe TopsiJKa p (p mpocTroe, = 3) n30MOpQHO
L/ p.-

Onpedenenue 4.6. (Fy)* :={2* |z € F;}

JIemma. 0 (F)? < F;

p p
1 |E;: (Fp)? =2
2 Vo€ Fy:alb™D/2 = £1.

3 BEcmx € Ff,r0z € (F})? < 20 V2 =1

HoxkazarenbcTBo. Ilynkr 0 ocTaéres B Ka4eCTBe yIPaXKHEHUsT HA ONPEJIEICHUS.

Iycrs f: F) — F, toe x — 22

Ker f = {z € F; | 2 = 1} = {£1}, 970 HanpuMep C/Ieayer u3 TOTO, YTO MHOTOUICH B IOJIC He
MOKET UMETh GOJIbIIe KOPHEH, YeM ero CTeIeHb.

(F)2 =Tm f ~ F/xes
|Fy| =p—1, |Ker f| = 2, cnenoBarensio |(F))?| = (p —1)/2, mynxr (1) moxazas.
2.2t =18 F; = 2@ /2 e Ker f = {£1}, uro Bepro Vz € F¥ TODO: ...

3. “==". 1 =%, 3HaunT xP=D/2 = yr =1

“«="7. TODO: ..., coobpaxkeHus KacaTeJbHO MOPSTKOB. O]

Onpedenenue 4.7. Ilycrs p — npocroe > 3, a € N, ged(a, p) = 1.

. {1 a € (F)>2

Cumsout Jlexxanapa 3To <—> =
P —1 wunHaue

3amevarue. Tak Kak MbI OIpeae I cuMBoJI JIexkanipa TOJBKO /I TPOCTBIX p = 3, TO Be3JIe Jajee
MO/ IPa3yMeBaEeTCs 3TO OrpaHUYIEeHNE Ha P

YrBepxKkaeuue 4.4.

1. (%) ==a® Y2 (mod p).

[nasa #4 34 u3 41 Aprop: Carorun JImurpnii



Aurebpa Komb11o 1es1bIx umces1, Teopus 9ucet

£ (9)-() )

3. Eciim a = b (mod p), o (9) = (9>

p p

JokazaresabcTBo. lloka uTo 3amsiin. Il

Teopema 4.5. Ilycts p, ¢ — npoctble, > 3.

R (—71) — (—1)-D/2,

HdokaszareabcTBo. Bujanmo 3amsim. [

Onpedenerue 4.8. n=p;...py,, vae p; — upocreie > 3, ged(a,n) = 1.
Torma (9) = (“) (i> — cuMBOJI AKoOu.

n p_l Pm

Teopema 4.6. nf2 = (1) = -1, (=) = (-1)(""D/2 (2) = (—1)(*- /3

n n

3

Teopema 4.7. ged(a,n) =1, a,n — HeubrHbIe. (%) (%) = (—1)"771‘1771
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5. IIoJjie KOMJIEKCHBIX 4YHMCeJl

5.1. Onpenesenns
5.1.1. IIpocToe omnpenesenue

O6I)I‘-IHO 1101, KOMIIJIEKCHBIMHA 9HCJIaMU IIOHUMaIOT MHOZKECTBO R X R C OHepaLH/IﬂMI/I, OHpe,Z[eJIéHHbIM
CJIEIYIOIIUM 00pa30M:

o (5, 9)+ (2 w) i= (2 4y, 2+ w)
o (z,y)*(z,w):=(rxz—y*xw, xxw+y%*2)

ITpoBepuTh AUCTPUOYTUBHOCTDH YMHOXKEHHS OCTAETCSI KAK yIIPaXKHEHUE.
i:=(0,1).
Mozkno 3amuceBars (x, 0) Kax IPOCTO T, T€M CaMBIM YaCTO MOXKHO BCTPETUTD 3aIich Buga 10— 34,
noJt 9TuM noHuMaercs ducso (10, —3).
2 -
3ameuarue 1. i* =1 (310 He omnpenesenue, 31o caexyer u3 i = (0, 1))

Ha camom jiesie u3 910ro cooTHOImeHust (1 JucTpuby TUBHOCTH) ¥ BBIBOJIUTCS Ta (bOPMYJIa YMHO-
JKEeHUs:

(x +1y)(z +iw) = 22 + ziw + iyz + *yw = vz — yw + i(vw + y=2).
3amevanue 2. Dnement 1 (mmm (1, 0)) siBasieTcss HEATPAIBHBIM TI0 YMHOKEHHUIO.

Sameuarue 3. ,Z[eJ'IGHI/Ie KOMIIJIEKCHBIX 9MCEJI BBIBOJIUTCA M3 YMHO2KEHUA:

zt+yi _ (ztyi)(z—wi) _ zztywti(yz—zw)
z4wi — (ztwi)(z—wi) 2W 42 :

B npakTuyeckoM CMbICIIE JIydlle 3al0MUHATH He GOPMYILy, & TO, OTKy/la OHA HOJIydaeTcs (JOMHO-
JKEHUE HA COIPSIZKEHHOE).

5.1.2. CBs3aHHbIE ONIpeAEeJIEHNUS N CBOMCTBA

Onpedeaernue 5.1. Ilycts 2z = x + iy, Torma:

e Rez := x — pmeiicTBUTEIbHAS YACTD Z.
e Imz :=xr — MHMMasg 4acCThb 2.
® 2 =1 — iy — COIPSKEHHOE YUCJO K Z.

Ecmu MHTEPHIPETUPOBATh KOMIIJIEKCHbBIE YHCJIa KaK TOYKHW Ha IIJIOCKOCTU (C HEKOTOPBIM OIllepallu-
SIMU ), TO BBEJIEHHBIE ONPEIEJIeHIsT MOKHO [TPOMJIIOCTPUPOBATD KAPTUHKOM: (/IefiCTBUTEIbHAST YAaCTh
qucsta 1o ocu Ox, munmas mo ocu Oy):
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~

IIpocreiimue cBoiicTBa:

2ER <= 2=12%

2z, z+2z€R
Rez=(z2+2)/2
Imz=(z—2)/(20)

f(z) = z — aBromopdusm C.

[IepBobie 4 cBoiicTBa CJIEIYIOT HEIIOCPEJICTBEHHO U3 ONPEIEICHUI U JTOJMKHBI ObITh OYE€BU/IHbI.

[To HoBOIY IOCJIEIHEro HaJo CKa3aTh CleJylollee: | ABJIAeTCs pelleHueM ypasHeHus z°2 = —1,
HO HA CaMOM JieJie PEIeHuil y 9TOTr0 ypaBHEHHs JBa: ¢, —i. HO OTKyJa BbI 3HaeTe Kakoe Ke U3
HUX B34Th Kak ¢! COOTBETCBEHHO BBIOOD MPOTHUBOIIOJIOKHOTO PEIeHUsT U 3aaéT COOTBETCTBYIOITUI
aBTOMOPQU3M.

Boustee dpopmaiibHO 9TO MOXKHO ITOKA3aTh JIOKA3aB OTIAEIHHO TOMOMOPMU3M U OMEKTUBHOCTb.

5.1.3. Omnpenesienne Yepe3 MHOTOYJIE€HbI

B upenpbiaymem naparpade MbI OINPEIeNIM KOMILIEKCHBIE YHCJIa KaK Iapbl JeHCTBUTEIbHBIX
qucell, ceiivuac ke JaBaiiTe CKaxkeM, 4TO KOMILIEKCHBbIE YHUC/Ia 3TO MHOTOYJIEH CTeIleHU He OOJIbIie
eJIMHUIIBI, T.€. ax + b.

JlaBaiiTe ckaxkeMm, 91O b 9TO JeficTBATEIbHAS YaCTh, a ¢ — MHUMasi. CO CJIOYKeHHeM HeT IPOo0JIeMBbI,
HO IIPU YMHOXKEHUHU TTOJTyIUTCs MHOTOYJIEH CTeNeHn OOJIbINeil WM paBHOU JIBYM:

(ax + b)(cx + d) = acz® + ..., mosTOMY GBLIO GBI HEIIOXO, eciu T2 = —1, TOria MbI TIOJyYUM B
TOYHOCTU (DOPMYJIBI BBIIIE, XOTH W B MHOT'OUYJIEHHOI bopMe.

Ho nasaiite no6asum 310 coorHomrenue, uuade rosopst, C := R[]/ (;211). B xaxmom kiracce ects
POBHO OJIMH MHOT'OYJIEH CTEIeHH < 1, OCTAJIbHBIE YK€ eMy SKBUBAJICHTHBDIL.

Mo>KHO TTPOBEPUTH, UTO MOJIYIEHHOE T0JI€ U30MOP@HO IMOJII0, KOTOPOE OBLIO OIPEJIEJIEHO BBIIIIE.

TODO: HonesaTh KOMILJIEKCHBIE YHCJIA

5.1.4. Tpuronomerpudyeckasi 3aImnch

Heckonbko dopm 3ammcu KOMILIEKCHOTO YUC/IA.

e a -+ bi — “obObrunag’.
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e 7(cos(¢) + isin(¢)) — “Tpuronomerpuueckas’.

Bamernm, 4ro z - w = |z| - |w| - (cos(arg z + argw) + isin(arg z + argw)).

3amevanue. Ecmm zadurcuposars w € C, To MmoxkHO paccmorpers pyukimio f: C — C:

f(2) == zw.

Ecnu uarepnperupoBats C Kak IJIOCKOCTB, TO MBI TOJBKO 9TO MOJIYYIUIA HEKOTOPYIO TOMOTETHUIO
( TODO: nmpaBuibHBIN TEPMUH? ), TOECTb OTOOPAKEHUE COXPAHSIOIIee Moo0ue.

Hecnoxkno yBuieTh, 94TO JlaHHOE OTOOPaKEHNE MOXKHO MHTEPIPETUPOBATH KAaK PACTIKEHUE U I10-
BOPOT OTHOCUTETHHO (), U3 9e€TO0 CJe/IyeT yTBEPKIEHNE BhIIIIE.

JIemma (dopmysna Myaspa). 2" = |z|"(cos(narg z) + isin(narg z)), aus n € N.
Onpedeaenue 5.2. re'® :=r(cos(¢) + isin(¢))
3amevanue 1. Boobe ciefyer n3 MaraHagusa, HO IOKa Oy/eM IPUHEMATH 9TO KAK OIPE/ICICHHE.

3amevanue 2. IIpuaTHBIM GOHYCOM SBJISETCA COXPAHEHHE CBOWCTB CTEICHHON (OyHKITHN:
Ecin z = re'®, w = te', ro zw = rte’¥+?), [IpocTo pacKpbITh IO MPEIBIILYIIEMY OIIPEIeIeHNIIO.

Takske 2" = (re'®)" = r"e™. (bopmysna Maspa)
Jlemma (1). C* =RL, x R/az
Jlemma (2). C* =R x R/9,7
JIemma (3). C* =R x R/z

TODO: Bauem Hy>kHa “*’? B RY

HokazarenbcTBo. 1. z +— (|z],arg z).

FOMOMOp(bHOCTb Oo4YeBUIHA, THbECKTUBHOCTDb U CIOPBEKTUBHOCTL HECJIOZKHO ITOKA3bIBAIOTCI.

2. YTo0BI IOy YU THh BTOPYIO JIEMMY ITPOITYCTUM MEPBYIO KOMIIOHEHTY ITPEJIBIIYIIETO TPOU3BEICHU S
qepe3 CJIeAYONIni n30MOpdU3M:

In: RY; — R, In(ab) = In(a) + In(b), CIOPbHEKTUBHOCTDL C HHBEKTUBHOCTHIO OUEBUIHBL.

3. Tenepb IPOITyCTUM BTOPYIO 9aCTb 4Y€pe3 I/IBOMOpCbI/IIBM JAOMHO2KEeHNA Ha KOHCTAHTY:

fiR/onz = R/, x — 21z

5.2. YpaBHeHU4d JieJIeHUs Kpyra

2" =w, tne w € C, naiitu 2.

IlepeiiiéM B SKCHOHEHINAIBHYIO 3aIHch: w = sV, s € Ry, 1) € R.
Ananornyno z = re'?, 2" = re™?® = s,

Torpma r™ = s, wm r = /s.

A takxke ng — 1 i 2w, u3 yero ¢ = w, rae k € Z.

_ n - 21k
Camu KOPHHU BBIDTISIAT KaK 2, = {/5 exp (i),
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3ameuanue. 3amernM, 910 ¢(k) MOBTOPSIOTCS KayKJble N pPa3, MOITOMY JOCTATOYHO PACCMOTPETH
TOJIBKO

ke{0,1,...,n— 1} nm ar060€ Ipyroe MHOKECTBO, COJEPIKAIIEE BCE OCTATKY IO JICJICHUIO Ha 7.

3ameyarnue. Cayuait w = 0 gaBisgerca BbIpOXKAeHHbIM. OTMeTHM, 9TO B 00IIEM ciydae OygeT POBHO
n pemtennit, Ho npu w = 0 ToILKO ofmH 0.

TODO: kapTUHKHI 1.

Anasornano mist w # 1 MBI TOXKE MOJIy9IUM KPYT, HO PACTSHYTBIN ¥ /MJIN TIOBEPHY THIIA.

Onpedeaernue 5.3. Tlox {/w mOHUMAETCS COOTBETCTBYIOIIEE MHOHCECTNBO Z;.

5.3. KoJIbIIo rayccoBBIX II€JIbIX YHCEJI

TODO: =( .
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6. ‘“IToOKa HesICHO’

6.1. MHoOro4J/ieHbl Ha IIOJIEM
Kparkoe conepkanue npeabliynmnx Cepuii:

e K[x] — 1moJie MHOIOYJIEHOB.

e K[x] — eBraMIOBO ¢ HOpMOIT deg.

e MHuOro4IeHBI MOXKHO JIEJIUTH C OCTATKOM.

e OcrarTok OT JiesIeHnst MHOTOWIEHA D Ha (¥ — «v) ecThb p(a).

Onpedenerue 6.1. s muorowrena f(x) = a,z"™ + ...a12 + ag:
f'(z) =naz" '+ ... +a

Hon f*)(x) mornumaerca kax mpomssoamas B3atas k € N U {0} pas, (mpuuém O (z) := f(x)).

3amevarue. MHOrOUWIEHBI U TTPOU3BOJIHBIE MbI ITIOHUMAEM KakK (pOpMaJibHOE BbIpaKeHUe, B 4aCTHO-
CTH MHOTOWIEH 9T0 KoHeuHasi(!) mocseoBarebHOCTb KO3(bDMUIMEHTOB, 3aMUCHIBAIONIASICS 0COOOBIM
obpa3oM, a IPOU3BO/IHAA — ITO (PYHKIMS U3 MHOXKECTBA MHOTOYJIEHOB B €0 YK€ CaMOTO.

JIemma. 1. (p+q) =p +¢

2. (pq) =pq+pd
3. (ap) = ap/

4 (poq) = oq)d.
3amevarue. HyKHO OTMETHUTD, uTO 3TH yTBepxkaenus HE ciemyior n3 cooTBETCTBYIONX yTBEPK, Ie-
HUIl MaTeMaTU49ecKOTro aHa/n3a, HaIlPUMep [0 TOMY, 9TO 3J1eCh IIPOU3BOIHAS OIPeeIdeTcs JAPyTUM
obpa3oM.

Bosee Toro, eciu pacemorpers K = Z/,, 10 MuOrowienst ¥ —x u 0 — 9T0 pa3Hble MHOIOYJICHEL,
XOTsI €CJTU PACCMOTPETh MX KaK (PYHKIIUU, TO OHU 00€ TOXKIeCTBEHHO paBHBI (.

HokazaTenbcTBo. OcTaB/ieHO B Ka4eCTBE YIPAXKHEHUSI. Il

Jlemma (5). f(x) = i f(il)!(“) (z —a)

=0

JokazareabcTBo. OcTaBjieHO B KAYeCTBE YIIParKHEHUSI. O]

JIemma (JIlemma Xenzens). Ilycrs f € Z[z], m,k € N, m < k, p — npocroe.
Ecmu f(a) =0 (mod p*) u f'(a) Z 0 (mod p),
To s € Z, f(s) =0 (mod p*™™) u s = a (mod p*),

TODO: nmenousitHo uto (3 ¢dpa3sl Boepesn):

' =b (mod p'), a’? = a (mod p).

f(x) =a%—b, =p|h, ~p|b.
f'(z) = ka®=L,
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“rmoka negacuo”

HokazareabctBo. TODO: HemOHATHO

n=deg f, f(x) = é;

s =a+ tpF

2x — a).

f(s)= zﬂ%wM—f@+fmmfz@mhwmmwzw@+ﬂ@wmmw“m

f'(a)xr = —z (mod p™) uMeeT eIUHCTBEHHOE DEIEHNE T.
f(s)=p*(z+ f'(a)t) =0 (mod p*™).
Teopema 6.1. Ilycts tg,...,t, € K, npuuéM pasuvHbI.

IIyctsb 4o, ... yn € K.
Torga Jlp € K|z|, rakoit uto degp < n, p(t;) = y;.

HoxkazareabcTBo. TODO: fix formula
z—t;)I'=J
( ) Zyl x t])]l
MO}KHO MOJACTaBUATH U MPOBEPUTD.

[TokazkeM eIMHCTBEHHOCTD: IyCTh f, g nonxoadr, h(z) := f(x)

—g(z).

V: h(t;) =0, degh < n, 3HauuT (110 TEOpEME O JIEJIEHUU MHOTOYIEHOB ¢ ocraTtkoMm 3.3) h =0 [
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