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Teopust BeposiTHOCTEI Beenenue

1. BBeaenue

27.02.18

1.1. I'padoBbie TeopeMBbl.

Teopema 1.1 (Teopema Pamcest). Vk, m3n = n(k, m) 1.4. s aoboro rpada Ha n BepHUIMHAX CYIIIe-
cTByeT JimbOo IycToit moArpad Ha m BepIInHAX, JIMOO MOJIHBIA Ha K.

Onpedeaenue 1.1. R(k, m) — HanMeHbIIIee TAKOE M.

Hwmxnss onenka wa R(k, m):
—C2 o
Teopema 1.2 (Teopema Sppema). Ecmm 217 CF < 1, To cymecTsyer Takoit rpad Ha n BepmmHax,
9TO y HEro HeT HU IOJHOTO Iojrpada Ha k BepIIMHAX, HU IIyCTOro mnojpada Ha m.

B uacrroctu R(k, k) > 2k/2

okazareabcTBo. (2 OyzeT cocTosATh U3 rpadoB Ha n BepmuHaX, #§) = 20%.
P(cobbrtue: mexy a u b mposesieno pebpo) = 1/2.

Takue coObITHST HE3ABUCUMBI. 3HAYUT, MOXKHO CUYUTATDH, YTO CJIydaiiHblii rpad — 310 rpad, B KO-
TOPOM KazKJioe Pedpo ¢ BEPOSITHOCTHIO 1/2.
1 !
P(Uj1 45) < 22521 P(4)).
. _2
Bacdukcupyem nabop us k seprmmn. B ném C7 nap sepmmn. C BeposiTHOCTBIO 2~ CF Bee mapbl BepimH
. _c2 .
coeTMHeHbI pebpoM 1 moarpad mosHbIi. AHAJIOrmYHO, ¢ BeposTHOCTBIO 2~ %% moarpad mycToit.
o o o _ (2 (2
P (BbIOpanmbiit Ha60Op MycToil mam MoHbIt moarpad) = 2 - 27% = 21-C%
o - - _2
P(x0Th Kaxoii-To Habop MoJHbIil uim mmycroit) < 217G CF < 1
= cyIiecTByeT rpad Ha 1 BEPIIMHAX, Y KOTOPOTO HUKAKWE Kk BEPIIHH HE TIOXOJIAT.

B uacrHOCTH, ipH 1 << 2F/2

nn—1)...(n—k+1) 1 nk 2 nk k21 pk _(n)k .
~X

1-C2 ~k _ o _
2 kC” - k! 9CE -1 < k! 9k/2(k—1) — 9k%/2 | < 9k2/2 — \ 9k/2

Onpedenerue 1.2. R(k,m) — HauMeHbIIIee TAKOE 7.

1.2. IIpenenbubie TeopeMbl OJig cxeM BepHYyian

Onpedenenue 1.3 (Cxema Bepuysm). MoreTky KujaioT n pas.
C BeposrraoCcThIO p € (0, 1) Bbmmamaer opén (1), ¢ BeposrHOCTHIO ¢ = 1 — p — pemka (0)
S, — umcno Boimasmux opyos. P(S, = k) = Ckplgn*.
IIpumep.
o p=1/5P(S)1000 = 220 ~ 0,008984 ...
o p=1/6 P(S)a000 = 360 ~ 0,006625. ..

Xouercs nTpubInKEHHBIE OIIEHKT
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Teopust BeposiTHOCTEI Beenenue

Teopema 1.3 (Ilyaccona). IlociemoBaresnbrocts cxem Beprysuin.
np, — A>0

n—o0

Torna P(S, =k) —

n—0o0

A=A
k!

3amevarue. IlpmsToM cxoauMoCTh paBHOMEPHA 110 k. Y TBEpXK/IeHne BEPHO, eciin k He GUKCHPOBAHO,
a o(y/n). (JokasbiBaeTcst aHAJIOMMIHO, HO 9yTh TPY/IHEE. )

dokazaresanscTBO.
e nn—1)...(n—k+1 e
P(S, = K) = Clhph(1 — poy=t = D 2R Dy e
1 1 Ak
1 —Pn) o/ ™~ 5y — Pn "
Haso nokazarsb, uro (1 — p,)" — e_)‘, T.e. nlog(l —p,) — —A O

)\k -

Teopema 1.4 (IIpoxoposa). > .7 |P(S, = k) ~5—| < min{2.A} o

n

,Z[OKaBaTeJIbCTBO.
ek nn—1)...(n—k+1 e
P(S, = k) = Chph(1 —poy=t = D 2R g e
1 1 Ak
1= pp)"——— ~ (1 = p,)"
k,npn( pn)" A= )f 17 (L= pa)

Haso mokaszatsb, aro (1 — p,)" — e, T.e. nlog(l — p,) — —A\
Il

IIpumep. Pynerka p = 1/37 — BepostHOCTb BhIUTpbImA, 1 = 111 — gucno urp, A = np = 3. Ilpu
BuIUTpBIIIE +37, 38 urpy —1.
BeposiTHocTh ocTaThes ¢ CyMMOI/I 0:

P(Sim =3)=C%, (&)’ (1 —1/370)" 7% ~ 0, 227127

Ilo Teopeme: ~ A= = 32 = (224041 .

BepositHOCTH He pOoUTpaTh: [ [ ,
P(S,>3)=1—P(S,=0)—P(S, =1) = P(S, =2) — P(S, =3) m 1 - ¥e* 3 et e? _
0,352768 ...

Tounoe 3nauenue:
1— 1 =0,352754. ..

Teopema 1.5 (J/Iokanbuas Teopema Myaspa-Jlamnaca). 0 < p < 1, x == ]f/T T — cbukcupoBaHHOE
qucso. Ecam n — oo, a k Mensiercs takum obpasom, uro upu |x| < T, P(S, = k) ~ VQ;TW@*‘LJ/Z

PaBHOMEPHO TIO .

Bamevanue. Bomee toro, eciu ¢(n) = o((npq)*/®) u |z| < ¢(n), To 3aKTIOYEHNE BEPHO U SKBUBAJICHT-
HOCTb PaBHOMEpHA 1O T (TO €CTh, IPeJIes, PABHBINA 1, pABHOMEDHBIY).

HoxkazarenbcTBo. k =np+ x/npq = np —1T'\/npqg — +00
n—k=mnp—x,/npq=np—"T/npg — +00
azzgznpﬂvnp p—i—x\/ —p

l—a=1-p a:\/:—q x\/:—>q

I'naBa #1 2 u3 35 Asrop: Enuzasera Bacuienko



Teopust BeposiTHOCTEI Beenenue

P(S, = k) = Ckphgn=F ~ 2Vt R pko—k, /o7 (n — k)n—ke=(=h)\ fom(n — k) =
_ pra-p"F 1 o Pa-p)nt
ak(1—a)n—Fk \/27rna(1—cx) ak(1—a)n—k \/21npq

Haso noHATH, 4TO (—)k Ta)n_k —y e 7/2
A= klog(2) + (n — k) log(i=2) -7 2

In(l+t)=t—-5 +0@

~— =

In(2) =In(l+ /L) =z, /L — 1/22*% + O(n~/?)
1

i—a _ _ e 2 p 372
In(=5) =In(l -z, /70) = —2 /5 — 1/22°5 + O(n ™)
k =na =np+ x,/npq
”—k_”(l—a)—nq—x\/n_m

2/3 _
= x\/qpn + 2q — 1/22%q — 1/2:c3qf +O0(n~1?)—

—xdqpn%—xp—l/?:z p—|—1/2:B3p +(’)( *1/2):%2—{—(")(71’1/2)

]

IIpumep Pyserka. CraBum TOJIBKO Ha KpacHble. n = 222 k = 111(ckoabKO pa3 BbIMIpaJn),p =
18/37,q = 19/37

1 ~
iy & 0,0493228 ...

Teopema 1.6 (lurerpanbhas teopema). 0 < p < 1

P(a < \/i;p <b) — \/LT fb e "*/2dt pasrOMEpHO 110 @ 1 b.
n—00 wa

3amevanue. YHacTHbI cnyqan TeopeMbl Beppu-Accena

sup P(S\;%p <zx)— e—t2/2dt‘ }i/i]q

xﬁfz

3ameuarue. Jlyume \/n B 3HaMeHaTeJ1e OBITH HE MOZKET.
P(S3n =) = C,(1/2)"(1/2)" = G ~ -

p=q=1/2

P(Sy, < n) & ”W =1/2+ 7=

P(So < 1) — 75— [0 el dt| ~

\/ﬁ

ITpumep. 3amaga o TeaTpe
1600 mect. JIBa rapjiepoba y ABYX Pa3HBIX BXOJOB. JI0gu C/IydaifHO BHIOMPAIOT OJIUH U3 BXOJIOB.

CKOJIBKO cJiesiaTh MECT B rapepode, 9ToObl OH ITEPEIOJIHSJICS He Jalle pa3a B MeCHIL!

B rapaepobax mo C' mecr.
P((S, <C)N(S,=2n—-0C)) <29/30
C—np

=P(n—C< S, <C)=P(" P < 2 < ) ~ o fC et*/2dt ~ 2 - 29/60

OS50 9,13, €'~ 800 +20 - 2 - 13 = 843

I'naBa #1 3 m3 35 Asrop: Enuzasera Bacuienko



Teopus BeposTHOCTE#H Obriast Teopusi BEpOSITHOCTEI

2. Ob6urasg Teopusi BEpOsSITHOCTEM

07.03.2018

2.1. KosaMmoropoBckoe onpe/iejieHue BEPOATHOCTH

Onpedeaernue 2.1 (Bepositnocraoe nipocrpanctso). (§2, F, P), tie
() — POCTPAHCTBO SJIEMEHTAPHBIX COOBITUI (IIPOCTHIME CJIOBAMU MHOXKECTBO).
F — COBOKYIHOCTD CiIyuaiinbix cobbituii C 2. g-anrebpa
P — mepa Ha F, takas uro P(§)) = 1 (BeposiTHOCTHAasI Mepa)

3amewarnue. Ha camom nese oT Mepbl TpeOyeTcs TOJBKO KOHEYHOCTD T.K. €€ BCerjia MOKHO OTHOPMU-
poBaTh.

3ameuarnue. Ecau ) me Oojee 1uem cuéTHa, TO B KadecTBe F' Bcerjga MOXKHO B3sTh He 0oJjiee deMm
cuéTHble oaMHOXKecTBa. F = 29, B srom CcJIydae MOYKHO BOCIIOJTb30BAThHCS CUYETHOM & TUTUBHOCTHIO
MepPBI U TOT/Ja Mepa OIPeaeJauTCd Be3JIe.

._ P(anB)

Onpedenerue 2.2 (Ycenosuas Bepositnocts). Ilycts B € F', P(B) > 0, rorna P(A|B) 5B

(I)OpMy.Ha IIOJIHOM BEPOATHOCTH, (bOpMyJIa u TeopeMa Baiteca BEPpHBI 1 TYyT T.K. OCHOBbBIBaJIUCb B
JIUCKPETHOM ITPOCTPAHCTBE TOJBKO Ha 3TO# (popmyire.
Onpedenerue 2.3 (HezaBucumbie coberrust). P(A)P(B) = P(AN B).

Ay, Ay A, P(A)P(A) ... P(A,) =P(A1NAy...NA,)

it GECKOHEYHBIX TOC/IeI0BATEIbHOCTEN COOBITHI CKarKeM, 9TO OHU HE3aBUCUMBI, €CJIU JIFOOOM

KOHEYHBII TI0THAO0D HE3ABUCHUM.

JIemma (Bopens-Kanremm). Aj, Ay, ... — cobbitusi, B — cobbiTe "HACTYNHIIO GECKOHEUHOE YHCIIO
cobpiTmii u3 A, Ay.. ..

1. Ecom > 7 P(A,) <oco= P(B)=0.

2. Ecom Ay, Ay ... He3aBucuMBI B COBOKyIHOCTH U » -, P(A,) = +00 to P(B) =1

lokazareabcTBo. HaunéMm ¢ nmoHmManus TOro, 4ro takoe B.

B = n;L.O:I UZO:n Ak

[TosicHenme: 9TO 3HAYUT TPOUIONLIO OECKOHETHOE 9ncyio A;7 3HAYIUT, MbI B3sIJIN KAKON-TO 3JIEMEHT,
KOTOPBIH JIe2KUT B GeckoredHoM uuciie A;. 3uaunt, B moboMm | J - Ay on Toxke sexur. Ho Torga takoi
9JIEMEHT JIEYKUT U B IIepPecevdeHu .

Ecim HEKOTOpBINT 3JIeMeHT JiexKaJsl JINIb B KOHEYHOM duwncie A;, TO, HadMHasg C HEKOTOPOrO i B
obbeHEeHre OH He monaaéT. Torma u B rmepecevuenne ToXKe.

P(B) = P(M21 Ui, Ar)
Uro,, Ak BIOXKeHBI IPYT B JApyTa KaK MHOXKECTBA, [OITOMY
PN, Ui, Ak) = lim P(U,,, Ax) < lim > 2 P(Ax) = 0 (B mepBbIX ABYX IEPEX0Jax BCIOMU-
n—oo n—oo
HAeM IIpO TO, 9TO P — 3TO Mepa, B IOCIEIHEM TIOJIyYaeM HOJb T.K. XBOCT CXOJAIIETOCH PAIA).

[IepBbrit myHKT Jg0Ka3aH. Bropoii.

[nasa #2 4 u3 35 Aprop: IlIeenosa Anna



Teopus BeposTHOCTE#H Obriast Teopusi BEpOSITHOCTEI

Ecim Ay, As ... He3aBucumbl, Torga u A, A, ... He3aBuCUMBI. Torma

P (ﬁ A—k) —r (ﬁ A?) ~ I, PO I, PR

SaMeTI/IM, 9TO IIepBad CTPeJIOIKa Tpe6yeT KOHE€YHOCTHU MEPDLI IIPOCTPAaHCTBA, KOTOpad y HaC KOHEY-
HO €CTb.

P (ﬁ A—k) = I, P(Ay) = T2, (1 - P(4y)

() () ()

A Tenephb cobepém paBeHCTBO u OyIeM CYUTATh BCE HE ¢ 1, a ¢ n U MOJyInuM, 9TO:

(1 P(A)=1-P (G Ak> - 1-P (ﬁ GAk> =1- P(B)

n=1k=n

Ocrasocek mousits, uro 112 P(1 — P(Ag)) — 0

n—oo

[Tposorapudmupyem, u Beiomuum, 9o In(1 — t) < ¢.

(I, (1 P(4)) = Y In(1 - P(4)) < = 3 P(A) = —o
O

Caedcmeue 3axon 0 u 1. Eciu Ay, A, . .. He3aBUCHMBIE B COBOKYITHOCTH COObITHSI, TO Ui P(B) =
0 wmu P(B) = 1.

2.2. Cayu4aiiHasi BeJIMYNHA, paclpeaejeHne, IIJIOTHOCTh
Onpedeaerue 2.4 (Cuyuaiinas sesmunna). O6o3nagaor Kak &,1,( ...
910 npocto udMepumas dyukims : d — R

Onpedenerue 2.5 (Pacupenesnenue ciayuaitnoii sesmaunbt £). A C R — 6opesieBckoe.
P:(A)=P(€A)=PweQ:{w)e A
P(£) — BeposiTHOCTHAsT Mepa Ha OOPeIeBCKUX NojMHOKecTBaxX R. (yIparkHeHue — HOHATH, 9TO 9TO
OJIHO U TO Ke)

3amevanue. s onpenesiennst Mepbl Ha OOPEIEBCKON 000JI0UKE JOCTATOYHO OIPEJIEINTh €€ Ha, ddeii-
kax. Ha gueiikax, B CBOIO 04epe/ib, JOCTATOYHO OIPEJIC/IMTh MEpy Ha Jiydax

Onpedenerue 2.6 (Pyukuust pacupenesenus c.B. §). Fg(z) := P(£ < x)

3amevanue. Pe((a,b]) = Pla < £ < b) = F¢(b) — Fe(a) = DyHKuuS pacupeeseHns OIHO3HATHO
3a0a€T pacupeiesieHue C.B.

Onpedenerue 2.7. Crydaiiuble BeJuIuHbl { U 1) OAUHAKOBACIpeneseHsl, eciu P = P, (pacmpene-
JIEHUST OJIMHAKOBBI).

[nasa #2 5 u3 35 Aprop: IlIeenosa Anna



Teopus BeposTHOCTE#H Obriast Teopusi BEpOSITHOCTEI

3amevanue. T.e. oquHaKOBBI UX DYHKIIUN PACIIPEIETICHUS.

Ceoticmesa.
Fe=P(§

1
z)

2. F¢ ne yOniBaeT

<
<

O‘{eBI/I,ZLHO u3 CTPOYKHU BBIIIC

3. lim Fe(z)=0wu lim Fe(z)=1

lim Fe(2) = PO, (€ < 2) = P(2) = 0
lim Fy(e) = PUR (€ < 2,) = P(9) =1

4. F¢ menpepbIBHa CIIpaBa
Tim P(§ <) = PO, (€ <) = P(E < a)

5. Feye(z) = Fe(x —¢)
Ferelt) = P(E+c <o) = P¢ <z —c) = Fe(w — )

6. Fuelz) = Fe(2), ¢ > 0
Fe(r) = P(c€ <x) =P < 2) = Fe(2)

3amevarue. Jliobas pyukmus F' : R — R, obnagatomas croiicrBaMu ¢ 2 110 4 — 310 (DyHKIUs pacipe-
JeJIeHAsl HEKOTOPOH CIIy4YaiiHON BEeJIMYUHBL.

Onpedenenue 2.8 (Hduckpernoe pacupesenenune). & : Q@ — {yi,ya,...} — He Gojee 4eM CYETHO. —
JIUCKPETHAas CIydaiiHas BeJUIrHA.

Bameuanue. Kak ycTpoeHa BEpOATHOCTD JUCKPETHOIO PACIPEIICCHUs !

Pe({a}) = 0, et = # .

Pg(A) = P(f S A) = ZykéA P(f = yk)

A dynkumsa pacupenenenus? Iycrs y; < yo < y3 < ..., TOrga (PYHKIUSA YCTPOEHA CTYTIEHEIKAMH,
BBICOTBI KOTOPbIX — 310 BepostHoctu P({ = y;) (TODO: kaprunka). Eciu me tak, 10 Tam GyayT

KaKHe-TO XaO0TU4IeCKHUE CTYIICHbKH.

BoiBoz: pacupeseiienue HOMHOCTBIO onpegessiercst Beuaunamu P(§ = yg). > oo P(E =yi) = 1.
Onpedeaenue 2.9 (Hempepsishoe pacupeznernenne). Vo € R Pe({r}) =0T1.e. Ve e R P({ =) = 0.
3amevanue. P =2)=P( <x)— P <z)=Fr)— lim Fe(y)

y—T—

lim Fe(y) = Fe(x)

Y—T—
T.€. HEIIPEPBIBHOE paCIIpe/ieieHne — PacIpeie/IeHue, Y KOTOPbIX (DYHKIIMS PacIpeie/IeHus Helpe-
pBIBHA

IIpumep Mepzkmnit npumep — KanToposa siectauna. Muorja, HecMOTps Ha TO, YTO pacipejie-
JIEHHe HelpepbIBHO, MOT'YT MOJIyYaThCsl BechbMa Henpubiekareabuble kKapTuaku. (TODO: kapTuHka)
DTO HEKOTOpas PYHKIIUS PACIPEICTICHI.

[nasa #2 6 u3 35 Aprop: IlIeenosa Anna



Teopus BeposTHOCTE#H Obriast Teopusi BEpOSITHOCTEI

Onpedenerue 2.10 (AbCosOTHO HEIPEPLIBHOE pacipeeienne). Eciu cymecTByer pe(t) — u3mepu-
Masi (PYHKIUS T.4.

Fe(z) = [ pe(t),pe : R = R
Pe(t) — MIOTHOCTD pACIIpe/Ie/IeHUSL.

Cesoticmea.
1. Pg(A) = P(f € A) = prf(t)dt

Pe(A) = [, pe(t)dt Bepra na ydax (—oo, x]. 3HAYNT BepHA Ha IIOJyHHTEPBAIaX (KaK HA PA3HUIE
JIyeit).

Tor;:a 110 € IMHCTBEHHOCTHU IIPOAOJI2KECHU A MEPBbI Ha IIOJIYUHTEPpBaJlaX, OHa BEPpHaA Ha 60peﬂeBCKI/IX
MHO2KeCTBaX.

2. pe 2 0 mouTn Besze.
A= {t : pe(t) < 0}. Torma u3 npeablIyIIEro CBOACTBA
Pe(A) = f{t:pg(t)<0} pe(t)dt < 0, ecom

P(pe < 0) >0, HO B TO 2Ke Bpems F¢(A) > 0 kax BeposaTHOCTD. IIpoTuBOpetme.

3. [ape(t)dt = 1.
Jope(t)dt = lim Fe(z) — lim Fe(z)=1-0=1

T—r+00 T——00

Vnu emé MOXKHO JIoKa3arh Tak: [, pe(t)dt = Pe(R) =1

4. pe(t) = F{(t) mpu mouTn Beex t.

Ecnun nokaspiBajayu B TeOpUM MEPHI, TO CM. TY/a, €CJIM HET, TO d €€ JIOKa3bIBaTh HE OYILy.

14.03.2018

2.3. IIpumMmepsbl BEPOATHOCTHBIX pacnpeaesieHuin

IIpumep.

1. BunoMumabHBIE pACIpe/IesIeHus]
& ~ Binom(n, p)
(~ — ‘cayuaiinasi BeJIMYnMHA C TAKAM PACIpe/IeJIeHreM " )
0<p<l neN
P& =k) = Ckp*(1 — p)»* — aucno ycnexos B cxeme Bepuyiim

2. Pacnpenenenue Ilyaccona
& ~ Poisson(\)
A>0
P(§ = k) = jpe

3. T'eomeTpuueckoe
¢ ~ Geom(p)
O<p<l1
PéE=k)=p(l—prt k=12 . 00

[nasa #2 7u3 35 Aprop: IlIeenosa Anna



Teopus BeposTHOCTE#H

Obriast Teopusi BEpOSITHOCTEI

4. JTuckpeTHOEe paBHOMEPHOE pacIpeiesieHre

gzgﬁ{ylay%""yn}
P(E=y)=1/n

5. HenpepniBHOE paBHOMEPHOE pacIpeIe/IeHIAe
¢ ~Ula,b]
Pe(t) = 525 1pan (1)

6. HopmasbHoe pacupe/iesienue
§~ N(Cl, 02)
a€R, 0>0
pe(t) = o=

2wo

—(t—a)? /202

6’. CranmapTHOe HOpMAaJIbHOE pacIpeeieHne

¢~ N(0,1)
pe(t) = Jg=e /2

Samenanue. Ecmm v ~ N(0,1), T0 ov + a ~ N(a,o?)

Onpedenerue 2.11.

O(z) = = [, e " 2qt
®(0) =1/2P(00) = 1/2 T.K. MHTErpAJ CHUMMETPUYIEH OTHOCUTENHHO ()

Dy(z) = 7= [y e 2t
upu x > 0 ®(z) = Po(z) + 1/2
opu z < 0 ®(z) =1/2 — Oy(—x)

IIpumep (mpomoskeHue).

7. DKCIOHEHIUAILHOE PACIPEIeICHUe
£ ~ Exp(\)
Pe(t) = Ae Mg oo (1)

2.4. MHOorOoMepHbIEe pacnpeIeIeHus

Onpedenenue 2.12 (CoBmecTHoe (MHOrOMEDHOE) PACIIPE/ICJICHUE).

?:(517527---a§n) :Q)—> R™
AR, Py(A) = P(€ € 4)

Bynem cunrars, uro BeposTHOCTHas Mepa P 3ajana Ha B" — 60pesieBCcKuX moaMHuokecTBax R™

Samevarue.

P? ompejensaer mepbl P, Pe,, ..., P
B CR, P,(B) = P?(B x R*~1)
Ob6parHOoe HEeBEPHO

n

IIpumep.
£1,& : Q — {0,1} ¢ paBHBIMU BEPOSITHOCTSAMU.
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Teopus BeposTHOCTE#H Obriast Teopusi BEpOSITHOCTEI

%
Ecnu nopbpaceiBanus nezaBucuMbl, 70 £ = (€1, &), TO YeTbIpe PABHOBEPOSITHBIX UCXOJIA.
Eciu & = &, To nBa paBaoBepositHbix ucxoza (0,0) u (1,1).

Onpedenerue 2.13.
Cayuaitnbie Benaunbl &1, o, . . . , &, HE3aBUCUMBI, €CJIN
VA, Ay, ..., A, € R 6openesckux cobbitusa {&1 € A1}, {§ € Ao}, ..., {& € Ay} — He3aBuCHMBI

Teopema 2.1.

§1,82, - §n — HE3ABUCHMDL & Pp = ®_, P, (npoussenenue mep)

JlokazaTeabCTBO. R

p?(A1®A2®...®An):P(§ €A1®A2®...®An):

= P(§1 € A& € Ay, 6 € Ay) = [Tiei P& € Ax) = [T52) Per(Ar) [

TaK KakK He3aBHC.

Onpedenernue 2.14 (CoBmectHas (MHOTOMEpHAs1) DYHKIUS PACIPEIETICHNS ).
F?(xl,xg, ooy y) = P& < 21,8 < 2o, .., &0 < Ty)

Onpedenerue 2.15 (CoBMmecTHAsI TIOTHOCTD PACIIPE/IEJICHNS ).
p?(t17t2, ooy ty), T

Fg(a1,22,...,20) = SO T pe(ty, i, ts, . t)dEy, - dbsdbadiy
(uaTerpas no n-mepHoit mepe JleGera)

Caedecmesue.
&1,8,...&, — HE3aBUCUMBI <> F?(xl, Toy ..., %n) = Fe (x1)Fe,(22) ... Fe, ()

dokazaresbcTBO.

f=t P?((—OO,.CEl] Koo X (—OO,JZn]) - szl Pfk-(_OO?xk} = szl F&k (mk)

‘< QyHKIMA pacrpeaesieHns OJTHO3HAYHO OIpeesisieT Mepy Ha d4YeiiKax = Be3Jie. ]

Caedcmeue. &1,&,,...&, — aDCOMIOTHO HEIIPEPBIBHBIE C.B.
€1, 82, - - - §n — mesaBucnMbl < pp(ty,ta, .. 1) = pe, (t1)pe, (2) - pe,, (Tn)-

HokazaresabcTBo. 110 abcoI0OTHOI HETPEPBIBHOCTH MbI 3HAEM, YTO Y (DYHKITUI pacIpeie/IeHus €CTh
IPOM3BOIHAS, OHA YK€ TJIOTHOCTh. SHAYUT, MPOoanddpepeHItupyeM uxX U Moy 9uM PaBEHCTBO BbIle. [

2.5. CBépTKUu Mep

Onpedeaerue 2. 16 (CBépTKa Mep). [t U V — KOHEYHbIE Mepbl Ha OOPEIeBCKUX MOJAMHOKeCTBaxX R.
Ceéprka mep (u * v) = Jp (A —x)dv(x)
(A—z)—»o10 C,ZLBI/II‘ MHOXKeCcTBa A Ha X BJIEBO Ha IIPAMOIA.

Ceoticmesa.

L (p*v)(A) = [ La(z + y)du(y)dv(z)

doka3aresbcTBO.

(n*v)(A) = [ (A —2)dv(z) = [g [gLa—eW)duly)dv(z) = [g [z Laly + 2)dp(y)dv(z)
ITepBoriit mepexom, — onpeg::eﬂeHHe I/IHTeraJIa 110 Mepe BTOpOI/I —yeA—r <= y+rxecA O

2. (ax po ek i) (A) = [u Lal@r + -+ 2p)dpa (21) - pr(0)
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Teopus BeposTHOCTE#H Obriast Teopusi BEpOSITHOCTEI

3. uxv=v*xp

4o (i * po) * pug = pug % (p2 * p3)
5. cuxv=c(u*v)

6. (1 + o) *xv =1 %V ~+ g *xv

7. 0, — Mepa, COCTOAIIASA U3 eIUHUTHON HATPY3KHU B TOYKE T.
pox 0 = p

HoxkazarenberBo. (0g * p1)(A) = [ 00(A —x)du(z) = [ La(z)du(z) = p(A) O

Teopema 2.2.

Baxkublit 9acTHBII Cirydail — Mepa ¢ IJIOTHOCTAMHA

j IMEET IJIOTHOCT P,

V MMEET IJIOTHOCTD P,

= 1% v umeer m1oTHOCTS p(t) = [o pu(t — s)pau(s)ds — cBéprra dyukuuii p, u p,

,Z[OKaBaTeJIbCTBO.
7
(u*v) fA f[Rp“ (t — s)p,(s)dsdt
Ja i pu (s)dsdt = [0 La(t)pu(t — s)py(s)dsdt =

u=1t-—s, du =dt
= [ La(u+ 8)pu(w)py(s)duds = [ La(z +y)du(x)dv(y) = (u*v)(A)

cB-By 1
[Tpeamocsenuuii epexol: MOTOMY YTO MHTErpaJl 0 Mepe — 3TO JOMHOXKUTH Ha ILJIOTHOCTH W ITPOWH-
rerpupoBaTh 06br9HbIM 06paszom. (TODO: TlousaTs 310) O

Teopema 2.3 (o pacmpejieieHUn CyMMbI HE3ABUCUMBIX C.B.).
§ u 1) — He3aBUCUMBIE C.B. = Pry, = P¢* P,

HokazarenabctBo. A C R
¢neBCRP&E+neA

Pepn(A)=P(E+neA)=P((&n) € B) = [p1p(x,y)dPe,(x,y) =
= f[R2 Ta(x + y>dP£,n($a Y) = f[R2 Ta(z + y)dpé(m)dpn@)

o T. Pyourn

IIpumep.

1. Ceéprka C JUCKPEeTHBIM pacIpe/ie/IeHIeM
V= Zpk‘6$k7 pk > 0
(nxv)(A) = [ (A = z)dv(z) = 3 pep(A — x)
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Teopus BeposTHOCTE#H Obriast Teopusi BEpOSITHOCTEI

2. & ~ Poisson(A\y), & ~ Poisson(\y) — HE3aBUCUMBI
oo Ase 2
sz Ok

k=0~ k'
Aee=A2 \nFe—Xg
P£1+§2({n}) = Pfl * PEQ({”}) - 20:0 %ﬁ =
k,—X )\nfk Y _ : ~
=3, Az‘;_'zl(nfek)'l R e 5 Lo e N0 W W UG D)

Bamevanue. P&+ & =n)=> 7 Pl =ké&=n—k) =%, P& =kP&=n—k)u

[OJICTABUTH
VYupaxkuenume. 1. & u & ~ Erp(l) naiitu pacupesenenne & + &

2. & ~ N(ay,07), & ~Nlaz,03) = & + & ~ N(ay + az, 07 + 03)

21.03.2018
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Teopus BeposTHOCTE#H MaremaTuiueckoe OXKUTaHUE

3. Martemarndeckoe o>XuJIaHUe

Onpedeﬂeuue 3.1. (Maremarndeckoe oxkunanue) £ : ) — R — ciyuaiinas Beqmansa
Ee = [, &(w)dP(w) — MaremaruyecKoe OKuJIaHue (€C/AM TAKOH MHTErpaJl CylIecTBYer)

3amevarnue. Fcam cioyuaitnag BeIndmHa HEOTPUIATEIbHA, TO TAKON WHTErpaJl BCErJia CYIIECTBYET
(T.K. C.B. — 910 u3MepuMas pyHkIws). Ecm ke oHa MeHsieT 3HaK, HeOOXOAMMO, YTOOBI OTPUIATE IbHAST
U TIOJIOXKUTEJIbHASA COCTABJIAIONNE He ObLIN OECKOHETHOCTIME OJTHOBPEMEHHO.

3amevarue. T.K. BEpOATHOCTHAS Mepa Ha BCEM IIPOCTPAHCTBE €IMHUYKA, TO TAKOW MHTErPAJl — 3TO B
TOYHOCTH CpeJIHee 3HAUEHUe CJIydaiiHoil Bejmunnbl. (B momorb K oco3HaHuIO: TpejicTaBbre cebe st
HaYaJa JIMCKPETHYIO BEPOATHOCTD. 1orjia MaTOXKUaHNE, KAK U OXKUJIAETCH, OyAeT BBITISIETh POBHO
KaK CyMMa [IPOM3BEeJIeHNI 3HAYEHWIT Ha UX BEPOSTHOCTH).

Ceoticmesa.

1. Eg < +00 <— E|§‘ < 400
Suauem n3 Teopun Mepbl TODO: OTKyma nmeHHO

2. Eoetpy = aE¢ + pE, (/luneitnocts uHTErpasa 1mo Mepe)

3. £ 2 0 ¢ BepoaTHOCTBIO 1 = E¢ > 0
N3mepumast byHKIMA OOJIBIITE HYJISI IOYTH Be3e. Toraa u mHTerpaJI 1o Heil HeOTPUIATe IbHbII

4. £ > n ¢ Bepoarnocteio 1 = Ee > I,
Anajiornuno, onHa u3MepuMasi (DYHKIUS IOYTH Be3/1e He MEHbIIe JIPyToit

5. E¢ = [pxdPe(z) (Cnenyer us 6)

6. Ecom &,&,...,6, —C.B
f:R" = R usmepumo OTHOCI/ITeJIbHO OopeJIeBCKO o-aaredpbl

Torna Efe,eo,en) = Jpn (@102, .. 20)dPey gy e (T1,22, . Ty)
B wacrnocru, Eye) = [i f(x)dPe(x )

loka3aresbcTBO.
[Iar 1
J =14

E]lA(§1,527~--»£n) = fQ 51(w>> 52(71))7 s 7£n(w)dp(w> =

DTO MPOCTO Mepa TOYEK, B KOTOPBIX XapaKTepUCTUIeCcKas (DYHKIAs eINHUATIA.

= P<<§17£27 S 7571) € A) = P§17§2,~~-,§n (A) = f[Rn ]]'dpﬁl,&,m,{n
Tar 2

st mpocThIxX (DyHKIMIT cpa3y MOJIyYUJIM BCE 110 JTUHEHHOCTH

Mlar 3
f = 0. Bepém {¢1} — npocreie, koropbie N f

f[Rn O (21,22, . Tn )P g5 g, (T1,T0, ... Tn) = By (61.62080) =

[Tepeiiném K Tpejeay MO MOHOTOHHOM IIOCTEI0BATENBLHOCTH ¢ — [ (Tak MOXKHO TIO
k—+o0

reopeme Bermmo-JleBu)
Torma
f[Rn ¢k(x1ax2a <o 7xn)dP£1,§2,...,§n ('Tlax% s 7xn) - f[R" f(xlyx% R 7xn)dP§1,§2,...,£n(xlaan <. 7xn>

Jo &r(&1(w), Ea(w), .., u(w))dP(w) = [o f(&1(w), &(w), ..., &n(w))dP(w)

[nasa #3 12 u3 35 Aprop: IlIeenosa Anna



Teopus BeposTHOCTE#H MaremaTuiueckoe OXKUTaHUE

IITar 4
f=r—r-

7. Ecnu § n n mesaBucumsbl, 10 K, = Ec b
Ecmu &,&, ... &, He3aBUCUMEBL, TO F¢ ¢, ¢ = Fe Ee, ... E;
(Ecam BCe 9TM MHTErpasbl CyNnecTBYIOT, KOHETHO)

n

Jloka3aTesbCcTBO.

flxy,me, .. xy) = 2129 ... Ty,

E(gl;f% ce 7§n) = f[R” T1To ... :UndP&@,m?én(xl,xg, N ,.Tn) =

MpbI 3HaeM, 9TO Mepa HE3aBUCHUMBIX C.B. — IPOU3BEIEHIE Mep IO KarKI0i KOOpIUHATE

= [on T122 .. T dPe (x1) Pe, (22) . . . P, = Jg - g 1P (21) 22 Py (22) . . 2 d Py, (2,) =

o 1. Tonesm

f[R c. f[R E&sz& (.1'2) ce xndPgn (i[)n) = E& f[R c. f[R sz& (iL'Q) c xndPgn (i[)n) = E&E& ce Egn
(TODO: 180321: 19:25 - 20:30, 21:40 - 22:00 gaércst akKKypaTHOe O0bSICHEHHE TOMY, HOYEMY
HOCJIEIHUE TIEPEXOJIbI JIEJIATh KOPPEKTHO, 1 HAXOXKYCh B Iporecce GopMYIMPOBKH ) []

8. Ecom € >0, 10 B¢ = [ P(§ > t)dt
bruta B Teopun mepnl. HazbiBasach nHTErpasoM 1Mo (pyHKIIMU PACITPE/ICTICHUS

1 1
9. By < (Ejgo)? (Bigja)7, 5 +2=1,p¢>0
HepasencTBo ['€1b1epa Kak OHO €CTb JIjII HHTETPAJIOB IO MEPE.
10. Ecm 0 <r < s, TO (EW)% < (EK‘S)% (nepasencTBo JIstmynosa)

lokazaresbcTBO.
3aMeTnM, 9TO JIOCTATOYHO ITPOBEPUTH HEPABEHCTBO It 7 = 1:

r

§= &I Be < (Bg)-
IIpoBepum mjiss r = 1.

bBepém p = s > 1 u coorBercTByItoIee ¢. 1 = 1. Torna no HepaBencTBy ['€sbepa:

E: < <E|£|s)é(E|n‘q)% = (E‘ﬂs)é T.K. MATOXKH/IAHNE €IUHUIBI — 3TO €UHUATIA. O

3ameuanue. F¢, = EcF, 6e3 He3aBICUMOCTU HEBEPHO

IIpumep.

§:Q—{£1}, P=-1)=PE=+1)=1
Ee=1-3+(-1)-3=0
n=¢§n=E=1

Eey=1#0=E:E,

Onpedesenue 3.2 (Meauana).
E:Q—R
Memnana £ — 310 Takoe uncio a € R, aro BepositHOCTH TOTO, uTo P(§ > a) > % uPl<a)> %

3amevanue. Takoe a MOxKeT ObITH HE eMHCTBeHHO. Hampumep, /s IpuMepa BbIIie Jii060e YuCIo u3
[—1,1] sBasiercs MeuAHOIA.

IIpumep.
Ectp 1000 gemoBek.
999 u3 nux nosyqaer 1000$, a ux maganspauk 1000000$

Kakasa cpeaHdad 3apiljlaTa ¢ TOYKHU 3PpEHUA MaTO}KI/I,ZLa,HI/IH?

Ee = 2991000 4 = - 1000000 = 1999
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Teopus BeposTHOCTE#H MaremaTuiueckoe OXKUTaHUE

A eciu mocuntars Memmany? Memguanoit 6ymer 1000 T.K. ecyin B3ATb MEHBIE, TO BCE 3apILIaThl Oy-
JIyT OOJIBITIE, €CJIN B3ATh OOJIBINE, TO BEPOATHOCTD MOJYYUTH 3aPILIATY OOJIbITE MEIUAHBI CJUIIKOM
MaJIeHbKAasl.

DTa 33/1a9a UTIOCTPUPYET, ITO €CJIN HAC MHTEPECyeT KOPPEKTHAs CPEIHss 3alIaTa, TO TPABUIb-

Hee CYMTATh MeJuaHy. B 1esioM, BO MHOIMX CTpaHaxX Tak u JejaiT (ae B Poccun)...

Onpedeaerue 3.3 (Hucnepcus).
o 2
D¢ == E(§ — E)
Jst Toro, 94Tobbl CyIIecTBOBaJa JUCIIEPCUst 0OS3aTeILHO HY?KHO, YTOOBI CYIIECTBOBAJIO KOHETHOE
MaTeMaTHUYICCKOE OXKUJIaHUEC.

Ceoticmesa.

1. D¢ = Ep» — (E¢)?

JokazarenbcTBo. D¢ = E¢ g2 = Ee2 aep (52 = Ee2 — 2E¢Ee + Eg,)2 =
E(g,)2 — 9T0 MaTOXKUI@HNE OT KOHCTAHTBI, OHO PABHO 3TOH caMOfi KOHCTaHTe
= B — 2(E¢)* + (E¢)® = Bex — (E¢)? O

2. D¢ > 0 kak uHTerpaJl oT HeOTPUIATEIbHONR (DyHKIUN

3. Ecim D¢ = 0, 10 { = const ¢ BepoaTHOCTBIO 1.

HokasarenscTBo. E g2 = 0. 9T0 3HAUNT, 9TO HHTErPAJ HEOTPUIATEJIBHON (DYyHKIIUN PaBeH
HYJTI0. DTO 3HAYUT, 9TO PYHKIINA PaBHA HYJIIO TIOYTH Be3/ie. Ha si3bike BepOATHOCTEH 9TO 3HAYNUT,
9T0 (DYHKIMS paBHA HYJIO C HYJEBOI BEPOSATHOCTBIO.

T. e. £ — E: = 0 c Bepoarnocteio 1. Bemomnum, uro Ee — aro xoncranTa. Ilosmydmsinu, gro

& = const ¢ BepOATHOCTBHIO 1. 0
4. D¢yo = Dy

HokazarenbcrBo. Ee . =c+ E =6 —FE=({+¢)—Eepe=8+c—Ec—c O
5. ch == CzDE

,Z[OKa3aTeJ'IbCTBO. ch = E(c{—Ec§)2 = E(C(E—Eg))Q = C2E(£_E§)2 O

6. D(—=¢) = D(¢) (Cnenyer uz Toro, uro (—1)? = 1)

7. Ecmu §, n nesasucumbl, 10 Deyy = De + D,

HokazatenbcTBO. E ¢ = B2 o2 = Beo +2Eg + B2 = Eo+2E:E,+ Ep
110 HEe3aB.

[Tocmorpum Teneps Ha (B, ¢)? = (Ee + E,))? = (E¢)? + 2E¢E, + (E,)?

Io nepsomy cBoiictBy, Dyye = Eiez — (Eype)® =

= E§2 + 2E§E17 + ETI2 — ((Eg)Q + 2E§E77 + (EH)Q) = Egz — (Eg)z + E52 — (En)z = Dg + DW ]

8. Eig-p < /D

Hoxazareabctso. Ilo nepasencrsy Jlamynosa, r = 1,5 = 2,€ = |¢ — E| O

Teopema 3.1 (Hepasencrso Yebniména (Mapkosa)).
t.p> 0= R(E > 1) < %
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Teopus BeposTHOCTE#H

MaremaTudaeckoe oxxumanne

Jdoka3zaTeabCcTBO. Y HAC OHO y2Ke OBLIO, TOJHKO BMECTO MATOXKUJIAHUS OBbLT MHTErPAJI. [

Caedcmeue. P(|€ — E¢| > 1) < %.

HokazarenbcTBo. B nepasencrso Yeonimésa nammmem § — Ee BMecTo §, a BMecTo p Hanuiem 2. [

IIpumep.
1. £~ U[0,1]
Ee = JpwdPe(x) =.
B namewm ciyuae Pe(x) — 910 Mepa Jlebera na [0, 1]. Torna
1

_rt _ x| _
_foxdx_z =
0

Ee = [ 2?dPe(z) = fol x2dr = % =
De=Ee — (Ee)’ = 53— (3)* = 13

1
2

2. £ ~Ula,b.
&= (b—a)n+a, vne n~U[0,1].
Ee=FEpapia=0b—a)E,+a=(b—a)j+1=2%2

2
b—a)?
DE = D(b—a)’q + a = D(b—a)n = (b — a)2D17 f— ( 12)

3. &~ N(07 1) )
E; = f[Rng(x) = f[R x\/%e_x 12dx = 0 1.K. HeuéTHAS -4

g2 2 2
Ee = [ 372\/%76 Pdr = \/Lz? Je(=z)d(e™ ) = _\/%7 Jee " Pd(—

De=Eg —E} =1

4. & ~ N(a,o?)
E=on+a,taen~N(0,1)
EgZEmH_a:UEn“—CL:CL
D¢ = Dyysa = Doy = 0°D,) = 0

IIpumep HezaBucumoe MHO>kecTBO B rpade.
G = (V,E) - rpad, n sepmun u % pébep mst d > 1
Torma B rpade MOKHO BBIOpATh aHTUKJIMKY pa3mepa ;.

HokazarenbcTBo. Boibepem rekoTopsiit napamerp p € [0, 1]
Bynem 6parh ciaygaitnoe muoxkecTBo Bepiiun S: P(s € S) =p
Paccmorpum noarpad ua S.

Ecmu {z,y} € E, 10

1 ecmmz,y€S
gxy -

0 wuHauge

€ = Z{x,y}EE 59011
nd, 2

EE = Z{x,y}EE Efwy =3P
Ecmu v € V, To

0 wuHaYe

1 ecmveSs
Ty =

x)=1
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Teopus BeposTHOCTE#H MaremaTuiueckoe OXKUTaHUE

=2 vev
Eyg =pn — %p?
[Ipotrie TOBOPSI, MBI TOJIBKO 9TO BBEJU BEJIMYUHBI KOJUIECTB BEPIIUH U PEOEP B CIydailHOM MHO-

)Kecrse S.

Bribepem Takoe p, 9TOOBI BbIpayKeHUE BbIIIIE UMEJIO MAKCUMAJIHLHOE 3HAYEHUE
p=3
E,¢= 35

Ecnu cpejinee s3nadenue paBHO 55, TO CyHMIECTBYeT MHO-BO S, st KOTOPOro ) — § = 35. Benmunna
n — & — 9TO KOJMYECTBO BEPIIMH MUHYC KOIMYecTBO pébep (maa S oma > g5). BayTpm MHOXKecTBa
S ecTb CKOJIBKO PEGEp M CKOJIBKO-TO BepinwH. JlaBaiite /s Kaxk10ro pedbpa B S BBIKMHEM KaKYHO-TO
onny sepmuny. Torma péoep He ocrameTcd, a BepUH OyeT XOTa Obl 5;. M ocTaBmmecs BepIIHBI

Oy/1lyT 0Opa30BBIBATH HE3ABUCHMOE MHOYKECTBO. ]

3ameyarue. OOBIYHO C MTOMOIIBIO JAHHOIO IOACYETa MATOXKUIAHUA MOXKHO MHOIO€ OTHOCHUTEHHO
TOYHO IIOHATH O KOMOMHATOPHBIX OOBbEKTaX C HEM3BECTHOU CTpykTypoil. Tak, /s mpumepa BBIIIE,
OYEBUJIHO, YTO JETEPMUHUPOBAHHBIM aJITOPUTMOM MOXKHO BBIOpATH HE3aBUCUMOE MHOYXKECTBO MOy Y-
mre. Ho mopsiiok BeJIMYIUHBI 0Y€Hb 9aCTO OKA3bIBAETCSH BECHMa, TOUHBIM.

28.03.2018

Bamevwanue. Mol 3Haem, ut0 Ee = [, xdP:(z). Kak Gyjaer BbirusieTs 1a (HOpMyIia, el Mbl 4TO-
HUOY/Ib 3HAEM O PACIIPEICTICHIAN

1. P: — nuckperHas Mepa.

§:Q = {y,v2,...}
Torma Ee =Y oo ypP(§ = yr)

2. P — abCOJIIOTHO HENPEPBIBHA, T.€. €CThb IJIOTHOCTD Pg ()
Torpa Ee = [ ape(x)dx
3.1. Koppeasitiuss u KoBapualus

Onpedenenue 3.4 (Kosapunarus).
n,§ — ¢.B. Takue, 410 Fe2 < 400, K2 < +00

cov(§,n) = E((§ — E¢)(n — Ey))
Cesoticmea.

1. cov(§,€) = De
2. cov(§,m) = E(§n) — BB,

HoxkazarenbcrBo. cov(é,n) = E(En — B, —nE: + E:E,)) = E(&n) — E¢E, — E, Ec + E:E, [
3. Ecsu & u ) mezaBucumsl, 10 cov(&,n) =0

HokazaTenbcTBo. [ljia nezaBuUCHUMBIX 1) U § BepHO, 4T0 F¢y = EeF,. I cMm. mynkT Beime [

4. cov(& + &, n) = cov(&q,m) + cov(&a,m)
cov(c§,m) = c-cov(&,n)
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Teopus BeposTHOCTE#H MaremaTuiueckoe OXKUTaHUE

5. cov(&,n) = cov(n,§)

6. D(&+n) = DE+ Dn+2cov(&,n)
D3 o1 §k) = 2oy D&+ 237, cov(, §)

okazaresbcTBo. HIyKINg.
baza n = 2.
D(§+n) = E(+n)* — (B(§+n)* = E(§ +2&n +n?) — (EE)* — 2E¢En — (En)?
Ilepexox n — n + 1
D3ty &) = DSy &+ Enr1) = D" &) + Dényr + 2c00(3 5, &k, Entr) =
= 2221 ka +2 Zi<k<n CO'U(&, gk) + Dgn—&-l +2 ZZ:I COU(gk’ fn-i—l) O

110 UHJI. U JIMHEHH.

3amevanue. cov(§,n) =0 # & u 1) HE3ABUCUMBI.

,Z';OKa3aTeJIbCTBO.

§(w) = cos(w)
7(w) = sin(w)
Q={0,7/2,7}

E _ cosO-i—cosﬂ'/Z—i—coaTr -0
577 =0= E&n =0
E¢E, =0= cov({,n) =0

Ho nmer HGS&BI/ICI/IMOCTI/I'

P(E=1)P(n=1)=1 L #P(E=17n=1)=0 0

Onpedenerue 3.5 (KoacbdmuueHT KOPPEJISIINN ) .

p(&,n) = _cou(&mn)
N

Cutydaiiable BeJIMUUHBI HE KOPPeJIupyor, eciau cov(&,n) = 0

3amevarue.
p(&,n) € [-1,1] T.x. mo mepasencry Komu-Byuskosckoro:

|E(§ = E§)(n — En)l < VE( — E)*VE(n — En)?

3ameuwarue. Paccmorpum Ee2, E,» < +00

Torza HA TPOCTPAHCTBE TAKUX BEJUYUH (C KOHEYHBIM MATOXKWIAHUEM KBaJpaTa), TOMaKTOPH30-
BAHHBIX IO KOHCTAHTE, MOXKHO ONPEJIEJINTh CKAJAPHOE MTPOU3BEICHUE:

(€,m) = cov(§,n)

/D¢ — HOpMa B TaKOM IIPOCTPAHCTBE (HA3BIBAETCS CTAHIAPTHBIM OTKJIOHEHUEM 0 (§))
DakTOp 10 KOHCTAHTE HYKEH Jjisi TOro, 9T00bl cobJI01aI0ch cBoiicTBO: (£,£) =0 < £ =0

IIpumep. Q= {1,2,3,...,n}
v(k) := KOJIMIeCTBO PA3JUIHBIX IPOCTHIX B PA3JIOKEHUH K.
A Tenepb cMOTPUM Ha TEOpEMY HUKE:

Teopema 3.2 (Xapnu-Pamanymxana).
w(n) — +oo
Torna P(|v(k) —Inlnn| > w(n)VInlnn) — 0 npu n — 400

HdokazareascTrBo. Typan, 1935

1, ecom plk
3/ech p — IPOCTOE YUCIIO, & HE IJIOTHOCTD. &,(k) =
0, eciu pt k
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Teopus BeposTHOCTE#H MaremaTuiueckoe OXKUTaHUE

M = Yn
€= Dper, penr &
910 mourn Bce penurenu n. He ydrener Tonpko Te, Koropsle 6ombiie VM. Ckonpko Takux! He
Gostbie 10 T.K. KaxKJ0e U3 HUX He MEeHbIIe Y/n.
0 < v(k) — (k) < 10

[TosTomy mOKa3bIBATH TEOPEMY YTO JUIA ¥V, 9TO JJjid & O€3 Pa3HUIIbI.

P(|¢ —Inlnn| > w(n)VInlnn) — 0

E&p — 9TO KOJIMIECTBO 4YHCEJI, KOTOPbIC ACJIATCA Ha P, KazK/10€ N3 HUX C BEPOATHOCTBIO %

Eg _ [n/pl _ ”/p+(9 1/p+ (’)(1/n)

D n

E; = ZPG[P’ p<M Egp = ZpG[P, D<M 1/p+ O(M/n) = Inln M+ O(1) =Inlnn+ O(1)

Y} 0OpaTHBIX K IMPOCTBIM

[Mostyumin, 9TO B JIEBOI 9acTU HEPABEHCTBA HAIMCAHO HPAKTHIeCKH |§ — E|.

De = ZPGP, p<M Deg, +2 Zp, q€P, p<g<M cov(&p, &q)

De, = Bg— (B = Fe, = (Be)* = 1/p+0(1/n) = 1/p* + O(1/n)
COU(fp,gq) = E(gpfq) — L B = gl _ [n/p] [n/d)
P =1 = (pg)lk " noon

pa' _m/pn/g _ 1 1 11 _ _1
cov(&p, &) = 21— — prg = L1111
23 cou(&,, &) = 1 = — 2 = O(1)

n n_1)(r_1
conlty ) < B = SRS = Lo e e - b <G D)

n
1 1,1
2 Z Cov(gp’ 5‘]) < n Zq,peﬂ),p#q(g + E)
CKOJIBKO pa3 MbI TOCUYUTAEM i? C kaxmoit é mo pa3y. 1o ecTb He 0OJIbIlIe, YeM KOJMYECTBO
IPOCTBHIX.

2 Z cov(gpa gq) < %Zqﬂ)&ﬂ{p;&q(% + ) 2 MZngpEIP P 2 flnlnn = O(l)
D¢ = ZpE[P, p<M De, +2 Zp, q€P, p<q<M cov(§p, &) = zp<M,pe[P< ) +O(1)

Psan u3 oOpaTHBIX KBaJIpaTOB CXOAUTCH, 3HAYUT, OHU TOXKE Ha6epyT He OOJIbIle, YeM KOHCTaHTY,
nosoxmm -5 8 O(1)

De = Z10<Mpen> >t O(1) =Inlnn+ O(1)

Hepaserncrso Yebnbmmésa: P(|€ — E¢| > A\\/D oD 3z, Tae

A =w(n)
Ee=Inlnn+ O(1)
v/De =+VInlnn + O(1)

[Touemy O(1) moxuo crepers? [Toromy uro A — 310 MmITYKa cTpeMsimmasicsa K +oo. [losromy eciu
creperb O(1) B JeBoit yacTu, TO HyKHO OyjeT npubaBuTh B npaBoii. Ho 0HO monagér Tymaa caMo T.K.
O(1) — 970 HEYTO OrpaHUYEHHOE, & A\ CTPEMUTCS K GECKOHEYHOCTH. O

Onpedeaerue 3.6. k-it MOMeHT
Eer — k-it MoMeHT ciry4aifHoll BemauHb! §

Ege = [gatdP(x)

3amevanue. Ilosb3a Ux B TOM, YTO MHOTHE TEOPEMbI B (POPMYJIUPOBKE TPeOyIOT, YTOOBI KAKOH-TO
MOMEHT ObLT KOHedYeH. A eré Hanpumep, HepaBeHCTBO JIsyHOBa TOBOPUT O TOM, 9TO €CJIU KOHEUEH
MOMEHT KAaKOTI'0-TO IOPsIJIKa, TO MOMEHTHI BCEX IOPSIJIKOB MEHbIIE TOXKE KOHEUYHBI.
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Teopus BeposTHOCTE#H MaremaTuiueckoe OXKUTaHUE

Onpedeaerue 3.7.
E|¢ — E¢|F — k-it uenTpabublii MOMEHT
D¢ — BTOpPOIi IIEHTPAJIbHBIII MOMEHT

3.2. CxoamMOCTh CJIydYallHBIX BEJWYWH 1M 3aKOH OOJIBINUX YUCEeJI

Onpedeaerue 3.8. £, : Q2 — R

1. &, cxomures K € mouTu HaBepHoe (= ¢ BepoaTHOCTDIO 1), ecim P(w € 2 : lim §,(w) = {(w)) =1
n—o0

2. &, cxoouTed K £ B cpemHeM nopsanka r > 0, ecau K&, — &7 — 0 upu n — oo
p p ) p

3. &, cxomurcs K € 10 BEPOSITHOCTH

Ve >0 P(l&, — & >¢) = 0 npu n — o0

4. &, cxomuTed K € 110 pacipeie/IeHIIo

Fe, cxomurest K Fe BO Bcex Todkax HempepsiBHOCTH F. (~ Teopema Myaspa-J/lamiaca)
3amevanue. Cps3b mexay cxopumoctsmu TODO: [Beraurarh jrokazaresibersal

1 = 3 Teopema Jlebera
3 # 1 ObLT IpUMep
2=3 P(l&, =& >e)=P(|& —&|" > ¢€") < M — 0 (HepasecrBo Yebbiména)

1 # 2 (a3nauur, u 3 % 2 T.K. u3 1 = 3 U MbI HOJIYYIUM TIPUMED, rje 3, HO He 2)
Q=10,1]
& =111 /n — € = 0 cXoaUTCA TIOYTH HABEPHOE

Ho Efﬁ = E(n]l[o’l/n]) =1-»0

2% 1 (a3mauur 3 % 1)
Konrpupumep: §, k= Lig/n,(k+1)/n]
B, =1/n" =0

3 = 4 Ilycrp F; HenpepblBHa B TOYKE .
Fe(z) = P(§ < )
{&>a} D {{>a+epn{l& — ¢ <el}
P, >x) > P(...)
{&<atc{{<a+etu{lén—¢l >¢}
Fe, () < Fe(z + ) + P(|6n — €] > €)
Tim Fe, (2) < Fe(ee) + lim P(lg, — €] > €) = F(x2)
{& <2} {{<a—epn{l&—¢l<e}
{n>zpc{E>r—cfuflén—¢[ >¢}
1= Fe(v) S 1= Fe(r —e) + P(I& — & = ¢)
Fe, () =2 Fe(x —e) = P(|§n — €| = €)
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Teopus BeposTHOCTE#H MaremaTuiueckoe OXKUTaHUE

lim Fe () > Fe(x —¢)

200
Fe(z +¢) 2 limysoo Fe, () 2 lim,, o Fe, () > Fe(o —¢) — Fe(2)
Fe(x +e) = Fe(x) npue — 0

4 # 3 HekoppekTHa Takas IIOCTaHOBKA BOIIPOCA

3.3. 3akoH DOJbIIINX YucCeJI

Teopema 3.3. &1,&5, &3, ... TOIAPHO HE3ABUCUMBbI
sup,, De, < +00, S, 1= & +&+ ... +&,
Torma P(|%» — E(%2)[ >t) — 0

n—oo

HdokazareabcTBo. Hepasencrso Yebbiména:
s, g D(®) _ D(Sn) 2k De
P15 = B > 1) < ==

2 - 2.2 — 2:2
t 7t k. cov=0 n<t

Hy a T.K. qucnepcun orpaHuveHbl, TO

22:1 ng cn c
n2t2 < n2Z — ne2 — 0 u

3amevarue. YTBEDKJCHUS TAKOTO COPTA HA3BIBAIOTCS 3AKOHOM OOJIBINUX Ynces. A UMEHHO: Ha HECKO-
HEYHOCTHU BEPOATHOCTH CPETHEr0 3HAUYEHUs CUJIbHO OTINYAThCA OT MaTOXKUJIAHUA CPEJIHETO 3HAUEeHUS
CTPEMHUTCS y HYJIIO.

Caedcmeue 3axon boavwuxr wucen 8 gpopme Hebviwésa.
&1,&, ... — HE3ABUCUMbIE OJIMHAKOBO PACIPEJJIEHHBIE C.B.

a:= B, 0? = D¢, Sy = &+6+ ...+,

Torma P(|22 —a| > ) =0

doka3arenbcTBo. T.K. BCce BEJIMYMHBI OJUHAKOBO PACIPE/IEJIEHBI, TO MATOXKUJIAHUE U JIUCIIEPCUS Y

nk
HUX y BCeX OflMHaKoBble. SHaumt, F(%2) = -5 = ¢, O
’ n n

Caedcmeue 3BY das cxemv, Bepryaau.
P — BEPOATHOCTD ycIlexa B cxeMme BepHysuin.
Torma P(|22 —p| >t) — 0

JokazaTenbcTBO. Boobuie, 3To 9acTHBII Cay4ail IpeplIyero ciaeacTsud. e = p. [

Teopema 3.4 (Ycunennsiit 3BY). £, &y, ... — HE3aBUCHMBIE CITyYaiiHble BEJUIUHBL.
Elék — Ee |* < C, S i=&+&+ ... +&,
Torna %“ —F % — 0 mouT HaBEPHOE.

HokazaTrenbcTBo. ) := &, — L, — BCE emé He3aBUCUMBI T.K. MBI U3 KaXKJIO ITPOCTO BBIYJIU KOH-
CTaHTY.
&1

Eg = 0, Ha10 OKa3aTh, UTO % — 0 mouT HaBEPHOE.

Bynem cuurars, uro Fe, = 0Vk.
A, = {|22| > €} — BoT TaKOe MHOXKECTBO COOBITHIA
Kak ycrpoeno MHOX)eCTBO {w}, Ha KOTOPBIX HET CTPEMJIEHUS K HYJ0? DTO POBHO T€ W, KOTOPbIE
MOy T B OECKOHEIHOE KOJINIecTBO A,
R (0.9} oo
A=, Uk:g Ap — B TOYHOCTH TO MHOXKECTBO, HA KOTOPOM HET CTPEMJIEHUsI K HYJIIO.
A={weQ: |2 »0}
o jiemme Bopens-Kanremmu, us )~ | P(A,) < +oo cienyer, uro P(A) =0
IIposepum, uro » > P(A,) < +o0.
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54

E(%L() Es4
P(A)= PS>y < EGD_ Ty

1o Hep-By UepHbIEBa
JlocTaTodHo JoKasarh, 9o Egi < cn? jyisi HEKOTOPOil KOHCTAHTBI €, T.K. TOIZA MbI IIOJLY4HM, 9YTO
E 4
S

—4 < 55, Hy & 9TO CXOUTCH.

Sp = (Gutbot . +&)T m D0 G 630, GREF 1230666 + 242 Gk + 420 6k
Ess = > Eea + 63 E(§7€) — BCe ocTasbbie CaraeMple CAMOYHHUTOKUIIUCH 33 CHET TOTO, HTO
MaTOXKHJaHUE IIPOU3BECACHNA HE3aBUCHUMBIX C.B. IIPEBPAaTUTCA B IIPOU3BEICHUE Ma.TO}KI/I,ILa/HHﬁ, a Ma-

izt

TOXKUJIAHWS BEJMYMH B IIEPBOfi CTENEHN y HAC HyJIW.
Egs =3 Ees + 63 E(§EE) < Cn+630 [ Ees [ Ees, vie onenka na Fgi y Hac €CTb U3 yCIoBu#L, & Ha

CyMMy Ipou3BejieHnil — n3 HepaBeHcTBa Komu-Bynsakosckoro. Hy a | /Eg;; < VC. Honyunm:
Esi < On+ 6" <30n O

Caedcmeue Y3BY dan cxemv, Bepnyaau.
P —BEPOATHOCTDH yCIIEXa.

Sn s ») mOUTH HABEPHOE.

n

HokazareabcTBo. HyKHO MOHATH, 4TO 4-if MOMEHT OyJIeT KOHEYEH.
E( p)*=F&—...=E&—...=p—... 1K & upuanmaer 3uavenus 0 i 1. Tlostomy y mopbpach-
BaHUS MOHETKU BCE HEIEHTPAJbHbIE MOMEHTHI OJIMHAKOBDI, & IEHTPAJIbHbIE MOMEHTHI KOHEYHbI. [

3amevarue. [Lys 10601 CITydIaifHOM BEJIMYNHBI, KOTOPas MPUHUMAET KOHEYHOE KOJTUIEeCTBO 3HAYEHU I
MOXKHO IOHATH, YTO BCE MOMEHTBI CYIIICCTBYIOT U KOHCYHBDI.

Teopema 3.5 (Y3BY B dopme Kosmoroposa).

&1,&, ... — HE3ABUCUMbIE OJIMHAKOBO PACIPEJICIEHHBIE C.B.
Sp 1= 61"’62"— cee +€n

Torna % — @ IIOYTHU HaBepHOoe <= a = Fj

HokazareabcTBo. Ero mHer u ne 0yer. 0

Caedcmeue Memod Monme-Kapao. ¢ — ¢purypa Ha MI0CKOCTH.

[TycTb MBI JIETKO yMeeM OTBeYaTh Ha 3aIIPOC: 0 33 JAHHON TOYKE CKA3aTb, JIEKUT OHA B (DUTYPE WK
HET.

Hanpumep, ecsin dpurypa 3a1aércst cucTeMoil HepaBEHCTB.

Mpbr XOTUM HANTH JIOMIAIH (DUTYPHI.

Bo3bMéM TIPSIMOYTOJIBHUK, KOTOPBIA orpaHuduBaeT (pUrypy M HaYMHAEM KUJIATh B HErO CJIydYaiiHbIe
TOUKM (PKeJIATeJIbHO KaK MOYKHO 6oJiee ILIOTHO ONMUCHIBAONMH (BUrypy).

& =1, ecoim Mt onasu B ¢ u & = 0, ecoin mer.

3aKoH OOJIBIINX YUCEJI roBOpuUT, 9TO % — p IIOYTHU HaBEpPHOE.

_ mwiomans, P
p IIOIIAIH IPAMOYTOJIHHUKA

it KPYIHBIX IPUKUAIOK METOJI paboTaeT XOPOIIIO.
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4. XapakTepucrunieckada pyHKIIIA

Teopema 4.1. &,&, ... ~He3aBUCHUMBIE CITyYailHble BEJIMIUHBI.
fi : R" — R — u3amepumMble OTHOCUTEILHO BopeseBckoit o-airedopsl.
Torma f1(&1,. -, &n,), fo(&nitty - -+ Enpiny) — HEBABUCHUMBIE CITydaiiHbIE BEJIMIMHBI.

Hdoka3zarenbcTBo. JlokaxkeM Ut IByX (DYHKIINU, OCTAJIHHOE aHAJOTUYHO.

f&, .., &) ngln,...,Nn) HE3ABUCUMBL.

{f&,...,z,) € A} u{g(m,...,nn) € B} He3aBUCHMBIE COOBITHSI.

A u B — bopejieBcKre MHOXKECTBa, Ha MPSIMOIi.

T.k. Takue MHOYXKECTBa MMOPOKIAIOTCA NHTEPBAJIAMHI, TO MOXKHO CUMTATH, 9TO A U B — MHTEpPBAJIbI.
Hac nrrepecyror npooGpaser stux mryk. T.e. (&,...,2,) € f71)(A) u (n1,...,0m) € g1 (B).

D1u mpoobpasbl — Bopenesckue muoxkectsa (TODO: mouemy?). 3HaunT, HY?KHO TPOBEPUTH, UTO HE3a~
BUCHMBIE COOBITHS: OJIMH BEKTOP MOMNaIaeT B HEKOTOPOE DOpeIeBCKOe MOAMHOXKeCTBO B R m BTOPOIit
B Jipyroe OopeJsieBCKoe moMHOXKecTBO B R™.

CHoBa, T.K. MHO)XKeCTBa BopesieBcKme, TO JTOCTATOYHO ITPOBEPUTH, UTO BCE BBIMOJIHACTCH HA SICHKaX.

T.e.:
(&1, &) € la, D)™ u (1, ..., nm) € [e,d)™.

T.K. coOBITHST HE3ABUCUMEI, TO

P(X) = P((gb cee 7571) < [a>b)n) = P(gl < [avb))P(éé € [aa b)) Tt

P(Y) = P((m,-...n) € [e,d)™) = P(m € [¢,d))P(ns € [e,d)) ... P(n € [c,d))

PXOY) = P((01, 1) € e, d)™ A (€, ., En) € [a,0)") =

— P& € [0,1)). .. P(én € [0,5))P(m € [e.d) .- P(1n € [, d)) = P(X)P(Y) =

Onpedenenue 4.1. £ — ciydaiiHasg BeIUIUHA, TPUHAMAOIIAA 3HaUeHnsT 13 No.
Ge(t) :==> 07 P(§ = n)t" — npouss. d- mus &

Ceoticmesa.

1. Ge = Et*

JlokaszaTeabCTBO.

Gelt) = 520%  P(E = n)t”

Ee =5 P(t¢ =t")t"

Ei = Ge(t) mpu t € (0,1).

DTOro JOCTATOYHO, YTOOBI CKA3aTh, YTO 9T JBa psijia paBHbl Be3ge (cm. TOKII). H

2. G¢(1) =1 u psan cXonuTcs B €AUHIYHOM KPYyTe.

dokazaresbcTBO.

Ge(1) =32 PE=n) =1

(BoOGIIIE, 9TO BEPOATHOCTH TOTO, YTO & MPUHUMAET 3HadeHue u3 Np) ]
3. G¢(1) = E¢

dokazaresbcTBO.
Ee =3 nP(=n)
Ge(t) = >, gnP( =n)t" O

n=

4. B = GI(1) + Gy(1)
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dokazaresbcTBO.

Eex=Yn*P=n)=Ynn—-1PE=n)+> nP(E=n)= G{(1) + Gg(1) O
5. De = G{(1) + Gi(1) — G¢(1)?

,D;OKaBaTeJIbCTBO.
D¢ = Eex — (Ee)?. O

6. Gepy(t) = Ge(t)Gy(t), ecm € u 1) HE3ABUCHMBIE.

Jloka3aresbCcTBO.
¢ u t7 — mesaBucumel, Torga Gey, (t) = E(t5t7) = (Et°)(Et7) = Ge(t)Gn(t) O

Onpedenenue 4.2 (Kommrekcuosnadnas c.B.).
¢ : Q) — C usmepumasi.
¢E=Re&+iImé, rne Reé u Im € — 310 TOXKE KaKkme-TO CirydailHble BEJIMYUHBI.

Onpedeaenue 4.3. E; == E(Ref) + iE(Im¢) Bce coiicrBa ¢ paBeHCTBAME [JIsl MATOXKUIAHUS
COXPAHSIIOTCS.

VYupaxkuenwne. Jlokazars KoMILIeKCHYTO JuHeiinocTs E: E(i€) = iE(€).

Ceoticmeo. |E¢| < E

HoxkaszarenbcrBo. Ilogbepém c € C, |c| = 1 Takoe, uro E(cf) = |E¢|.
Hanpumep, BossméM ¢ := —% Torma E(c€) = cB(§) = 252 = | Ee|.

| Bl | E¢|
[Tpu srom T.K. |¢| = 1, TO |c&| = [¢].
E(Re(c€)) < E|Re(c€)| < E|cf| = EI¢].
HEP-BO [JId BeIll. MaTOXK.
C apyroit croponsr, E(Re(cf)) = Re E(cf) = |E¢| T.K. MBI IPaBUIBHO OI00PAJIH C. O

Onpedenerue 4.4 (KomnekcHO3HAYTHAS KOBAPUAITHA).

cov(§,n) = E(§ — Ee)(n— E,)
cov(§,§) = D¢

Onpedeaenue 4.5. o¢(t) := Ee'™ — xapakrepuctuueckast dynkims &.

Ceoticmesa.

Lowe(0) =1 m |pe(t)] < 1VE€R

JokazarennbcTBo. |o¢(t)| = |Fe™| < Ele| = E1 =1 O
2. Ecnu ) u € ne3aBucHMBIE, TO ety (t) = @e(t)p, (1)

J10Ka3aTeabeTBo. pqeyp(t) = E(elT0) = et Feiast = et (at) O
3. Ecmm &,6,, ... ,&, — HE3ABUCUMBIE, TO Pg, et +e, (1) = Qe (D) e, (T) ... e, (1)

JloKazaTesnbeTBo. gy, (t) = Ee &) = F(eiteitn) ) a0 = (Be)(Ee™) = @e(t)pn(t)
T.K. J1 u j2(7) HE3aB.
Il

4. pe(—t) = e(t)
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0Ka3aTeJIbCTBO. 1) = Ee € = Feité = Eeitt — o0 (t u
ﬂ K TEABCTE QOE( ) € € 17.K. E=Re E4+ilm F € 805( )

5. @¢(t) paBHOMEpHO HempepbiBHA Ha R.

HokazareabcTBo. ¢¢(t + h) — ¢¢(t) = BetHh) — Feitt = F(ettethé — ¢ite) = B (e — 1))

MBI XOTHM TIOHATD, YTO 3TO PABHOMEPHO CTPEMUTCS K HYJTIO.

lpe(t+h) —e(t)] < Ele® (e 1] = Eletht —1| =, 0, r1e mocaemit mepexoy caestan uo
—

T.X. |eité|=1
Teopeme Jlebera o MaxkopupyeMoit CX‘O,ZLI‘/IMOCTI/I: 0 KaxKJIOMY (PUKCUPOBAHHOMY & CXOJIUMOCTDH
K HYJIIO €CTb, IPeIbIBUM Mazkopanty: ¢ — 1] < 2.
Ot ¢ ipu 3TOM HaIma QYyHKINS y2Ke He 3aBUCUT. SHAYUT, U3 TOTO, 9TO 3TO MATOXKUIAHUE IIPOCTO
CTPEMUTCS K HYJIIO, CJIeyeT PABHOMEPHAs CXOIUMOCTh TI0 ¢ K HYJIIO, & 3HAYUT U PABHOMEpPHAs
HEITPEPBIBHOCTb.

]

11.04.2018

IIpumep.

Ectb & ~ N (a,0?), Xouercst IoCUUTATh XapaKTePUCTUUECKY10 (DYHKIIUIO /I TAKOTO pacipeie/ie-
HUS.

[TpescTaBuM, 9TO MbI y3Ke 3HaeM, Kak nocaurarsb xap. - or n ~ N(0, 1)
E=on+a
Tora MOJKHO BBIPa3UTh HOBYIO Xap. (b-10 "epe3 usBecTHYIO: @¢(t) = ', (at)

Ocrasock mocauTaTh xap. -1 I 1):

. oo —¢2/9 .
SOn(t) = Eeftn = f eztx\/%e—xZ/le. — e\/t%z f e—(ac—zt)Q/Qd:L.

— 00

o _ .2
Hasaiite cunrars uarerpan [ e* 2dz 10 coeyiomeMy KOHTYPY:

I'r
-R 0 R
—1t
T.K. 0coObIX TOYEK HETY, TO f =0.
) R —t —t
0= [e* P2dy = | Bepxmssg wacte — [ HEXKHss "acTh + [ HpaBas 9acTh — [ JeBas 9acTb =
T'r -R -R 0 0

R R —t —t R
_ f e~ %%/2y — f ef(zfit)z/de_’_ fe—(R+iy)2/2dy+ fe—(—R+iy)2/2dy N \/2__ f ef(xfit)z/le‘_}_O
0 0 -R

CM. HUZKe
-R -R

_ N2 p2 2 2  p2 .
lem(ER+W)*/2) — e=R/°/20v°/2 5 () 1.k, €¥"/? orpanmueno, a e /2 e 0 = uHTerpaJbl OT JIEBOH 1
—00
paBoit gacteit yxonat B 0.

o0
_ .2
2r = e * /2dl' — IIo4YTHnu I‘a CCOB UHTEI'paJi, HECJIOZKHO ITPpOBEPUTH.
Y )

—00

R 00
Uroro: 0 =21 — [ e~ (@=i)?/200 1 (0 = /21 = [ e—(@=it)?/2 ],
“R

—00
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Teopus BeposTHOCTE#H XapakTepuctuieckas: OyHKITHS

o—t2/2 42
pn(t) = oL Vor = et/

iat—a?t? /2

pe(t) = epy(at) = e
Teopema 4.2. Ilycrs E[¢|" < +00. Torma VkE =1,2,...,n

(pe(t)® = E((i€)"e™)

B uacrnoctu, goé )(0) = ik B¢k

HokazarenbcTBo. nnyknua o k. basa k = 0 — onpenenenne ;.
Ilepexon k — k + 1:

i t+h)*) — (e (1)) i(tHhE)_ B((ig)keité
((’pf(t))(k-l-l) — }Lg% (e ( ) - (pe(t) = lim (i&)* h) ((i€) )

h—0 IO JINHEWHOCTH
T -k i thé 1\ 1. . Nk i ihx 1
= lim B((i€)"e"<"=1) = lim [ (i)t =L P(x)

XOTHM MOKa3aTh, YTO MHTErPajl MOKHO MEPECTABJIATh MECTaMu ¢ TpejesoM. Eciu Mbl 3T0 noka-
)
. eihe , . )
xem, 1o lim ¢—=1 = i¢ (cM. BTOpOI 3aMeuaTeNb B Ipeen) JacT HaM Hy2KHyIo dopmyity. ITo6b!
—0
9TO MOKA3aTh, PEIbABIUM CyMMUPYEMYIO MaXKOPAHTY.
. ihx _ ihx _
Yreitre—=t| = gF|==| = 2*O(z) = O(z*™) — cymmmpyemas maxopanTa?

CM. HHUZKE

Ectn ABa IIPUHIIUIINAJIBHO Pa3HbIX CJAyYad.

ihe — 1] < CE < = 0(a).

Ecmu |zh| > 1 = ITll > || m Tk |e 2, T0

; the 1 1+4iha+O(iha)—1 _ .
Ecmu xe |zh| < 1, To " packiaapBaeTes B psig i Mbl oty St = LhetOGhe) =1 oy (),

R h
Hy u torma |iz + O(iz)| = O(x)

Uroro, mbl nonsum, uro |(ix)fe™ ==t = O(z**). U3 Toro, 4ro BCe MOMEHTBI BIIOTH 10 N

koHeunbl u k + 1 < n crenyer, uro [ 2" dP(x) < 400, a snauut, 2" neficrBurensHo MazkopaHTa

R
1 MO2KHO II€peCTaBUTDH IIPpEAe/I C MHTerpaJioM.

O]

Caedcmeue. ES = —ip;(0)

D¢ = B¢? — (E)* = —¢{(0) + (#(0))?
Teopema 4.3. Ecim cymectsyer ¢ (0), o E* < +00.

+o0

HokazarennscrBo. E¢? = [ 22dPe(x) f lim gln(m))QdP (x)<

(sin(ta))? = (£755)2 = —1(e¥tn 4 o=2itr _ 9)

ITo siemme @ary, MOKHO OIEHUTH MHTErPAJl OT IpPejiesia CBEPXY, €CJIU [ePeCTaBUTh UX MECTAMU:

< 11_{% Zo(bmm) dP(z) = 1 — 2 Zo(e%“ + e7%t — 2)dP(z) =

~ Ll (pe(20) + pe(—2t) — 20¢(0))=

Pe(s) = pe(0)+59(0) + %@’E’(O) +0(s?) — 910 Hy2KHO NOACTABATDH B hopMyIty Jtst 0¢ (2t) 1 e — (21),
IIOIIPUBOAUTD HOILO6H]:)I€ CJIaracMbI€ U IIOJIYyYHM:
2t)2 ”( )+0(t2) "

lim GO o)

1
4

Bameuanue. BEcmm cymectsyer ¢?M(0), To EE*™ < +oo (Bes nok-pa.)
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Teopus BeposTHOCTE#H XapakTepuctuieckas: OyHKITHS

Teopema 4.4. ®opmyna Obparienus

a <b, Pe({a}) = Pe({b}) = 0
(nuage rosopst P(§ =a) = P(§ =0) =0)

+T
. —tat _ ,—1ibt
Pla<&<b) = lim 5 [ “—=—p(t)dt
-T
(MO}KHO BOCIIpUHHMATD 3TO KaK MHTErpaJi 110 IJlaBHOMY 3HAQ4YE€HHUIO OT —OO 10 —I—OO)

HokazarenbcTBo. XOTHM JIMHERHOE TIPe0bpa30BaHme, OCIe KOTOPOro MOy IuTcs, uro: {£ € [a, b]} <
{?7 € [_17 1]}
b, b
€= 25+

atb _

pelt) = 21, (t521)

+T . o ‘

fqﬁ%(pf('ﬁ)dt: fjﬂ%eia;bt%(b%ﬂdt:
+T67ii§7btieii%ﬁt ba %GT eisfeis

= f TQOATt)dt a f is gpn(s)ds
o s=25% b_TaT

IIpeie/ibl MHTErPUPOBAHKS TIO-IPEKHEMY CHMMETPUYHBL I CTPEMsITCs K Geckonednoctn, 2% > 0.
Torza mocraTovHo npoBepuTh Jis [a, b] = [—1,1]
T +oo T

T . it it
[ Sttt = [ 5t T ean = [ S eddr

Dybunn _ T

—it

T
Bp(x) = [ Loty

T 1 1
Pr(r) = et dy ettt = ezt(u—i—z)dtdu _ et Tluta) e_ZT(“‘*'l) _ 2sin(T' (utz)) du _
T( ) ;ljl_j; _ji,f _J; i(utx) ‘f utz v:i=T(u+z)
T(z+1)
sSin v
2 [ v
-1
0, eciim x> 1(06a KOHIA MHTErPUPOBAHUS YXOJAT HA + 0O CXOZAIIErOCs HHTErPE
T(}H) sinv gy, 7, ecim  —1 < x < 1(KOHIbI Pa3HBIX 3HAKOB, a fj;o CUUTAJIM TJIe-TO PaHbIIIe)
T(a—1) T—o0 0, ecim < —1(06a KOHIA UHTErPUPOBAHUSI YXOJAT HA — 0O CXOJAIIErOCsi HHTEr
5 r==l1
it +0o0
lim eloe = hm O (z)dP, = lim $p(x)dP:(x) =
T—4o00 ° f §0£< ) f T é( ) CM. HUXKE —{o T—+o0 T< ) 5( )

=27 f L1 (z)dPe(x) = 21 Pe([—1,1])

[lepecTaBuTh MHTErpaJ C TpeaeIoM MOXKHO 1o Teopeme Jlebera. Cymmupyemasi MarXKOpaHTa =
27 L]

Caedcmeue. Ecmm ¢ = ¢,), To { 1 1) OAUHAKOBO PACIPEIEICHBI.

HoxkaszarenbcrBo. Hano nposeputs, uro coBnanu dysxnuu pacupenenenns Fe(z) u F,(z).
1) b Takoe, yro P({ =b) =0

[Tpobaemubix Touek (B KOTOpHIX P(§ = a) > 0) He Gosee, YeM CYETHOE UUCIIO.

I'maBa #4 26 u3 35 Asrop: Bacunenko JIusa



Teopus BeposTHOCTE#H XapakTepuctuieckas: OyHKITHS

[Touemy? st 1100070 M KOJIMYECTBO MPOOJIEMHBIX TOYEK, 3HAYEHNE B KOTOPHIX HE MEHbIIIE %, He
npesbimaer n. [logyumim c4éTHOE YMCI0 KOHEYHBIX MHOXKECTB, B KOTOPBIX JIE2KAT BCE TaKWe TOYKHU.

Bribepem mocsieioBaTesibHOCTD Gy, < b, a, N\, —oco u P({ = a,) = P(n=a,) =0
Pla, <£<b)=Ilim---=Pla, <n<b) = P(n<b)=F,(b)

Plan <€ <b) = P <) = Fe(b)

= F; = F, Bo Bcex TouKax, rjge P(E =b) = P(n="5b)=0

Ho onu menpepsiBubl cnpasa. Beegém b, N\, z, P({ =b,) = P(n=15,) =0
Filw) « Fe(b) = Fy(by) = Fy(@)

HOquI/IJII/I PaBEHCTBO BO BCEX TOYKaX.

[
+o0
Caedcmeue. Ilycrs [ |pe(t)|dt < +o0.
+oo
Torna & umeer maoTHOCTD pe() = 5= [ e e (t)dt.
oo —iat —iat
HokaszarenbcrBo. P(a < € <b) = 5= [ S———¢¢(t)dt T.K. ¢ cyMMmUpyeMast U MHTETPAJ U3 TEO-

PEMBI BBIIIIE CXOIUTCA OT —00 JI0 400 KaK IMPOU3BEJIeHNE CYMMUPYEMMOM (pYHKIINH HA OTPAHUIEHHYTO.

[Tposepum, 4To popmy/ia IMJIOTHOCTU U3 YCJIOBUS TEOPEMBI TTOJIXOJIHUT:

b 1 b +oo " +oo b it 1 oo e—tat —iat
[ pe(x)de = 5= [ f o (t)dtde = 5= [ [ e " drpe(t)dt o 2T e —(t)dt
[
Teopema 4.5. &, ~ N (ax,0}) — HE3aBUCHMBIE C.B.
n=ag+ Y cx, nupuuém ue Bee ¢ = 0
k=1
A= ag + Z CrQp
k=1
o= cio}
k=1
Torma n ~ N(A4, o)
JToKa3aTenbeTBO. g, (1) = eile=okt*/2
o (t) = Pao (1) H P, (t) = e TT pext) = et T] eltnerteroieil’/? = ti-o/2
k=1 k=1
[

Bamevarue. @g(t) = fj:oo e pe(x) da

Pe(x) = o [T2° et (1) dt, e g cymmupyema.

OTu JeiicTBUA Ha3bIBaIOTCH mpeobpazopanne Oypbe u obparHOoe mpeobpazoBanue Dypoe.

Teopema 4.6. &,&,... — c.B.

CJIQ,ZLYIOHJ;I/IG ycJj10BUd paBHOCUJIbHBI:

1. &, — & no pacupemienuio (t.e. I, (x) — F¢(z) Bo Bcex Toukax HempepbiBHOCTH )
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2. YU C R — oTKpbITOE MHOYKECTBA.

lim P(¢, € U) > P(¢ € U)

n—oo
3. VB C R — 3aMKHyTOr0 MHOXKECTBa

T P(&, € B) < P(¢ € B)

4. YA C R 6openeckoe : P(§ € FrA) =0 (Fr:=ClA\Int A)
li_>m P, e A)=Pec A)

5. VA C R 6opesesckoe : P({ € Fr A) =0
E(]leén) —>E(]1AO§)

6. Vf : R — R mHenpepbIBHAsT U OrpaHUYEHHAS
E(f(&)) = E(f(§))

7. ¢, — P¢ TOTOUCTHO

dokazaresbcTBO.

2) <= 3) B=R\U
P(,eB)=1-P(&, €U)
limP(, € B)=1-1mP(, €U) < 1-PEeU)=PeDB)

2=3

lim P&, €U)=1-lmP(E, €B) > 1-P(eB)=PEel)

3=2
2U3=4 B:=ClA, U:=IntA
lim P, €A4) = lmP(E €eU) > PEeU)
A

T.K. UC mo . 3

lim P(¢, € A) <Tm P(G € A) < TmP(G € B) < PcB)

T.K. ACB 1o 1. 2

P(eB)=PlecU)+PcFrA pecr)—0 P eU)

[Mokazasu, uro lim P(§, € A) ¢ aByx cropon 3axumaercs P(¢ € U). 3uaqur, lim P(§, € A) =
P(eU)=PEecA).

4=15

1, G eA
1“5”_{0, £ ¢ A

Torna E(1,0&,) = P(&, € A) (ckiaapBaTh BEPOATHOCTH ¢ MHOYKHUTEIEM 1 HE OY€Hb UHTEPECHO),
a 1o myHTKy 4 mosyuaem P(§, € A) — P(£ € A)
6 =7 g, (t) = Fe™ = Fcos(t&,) + iEE,(tE,)
Hy n 1o myHKTy 7 pacCMOTPUM MATOXKUJIAHUS 1O OTJIEJIHHOCTHU T.K. COS U Sin BIIOJIHE HENTPEPHIBHBI
U OTPAHUYEHBI...
1= 2 U — oTKpbITOE MHOXkeCTBO, [) —Touku, rjae F; He ABIdeTca HenpepblBHO#, [ — HOCY
Ipeacrasum U cnexyrommum obpasom: U = | |77, (ax, byl ax, by ¢ D.

ITokazkem, 4T0 HOOUTHCSI TOrO, YTOOLI KOHITBI He BXOmmaum B ) HecsoxKHO. BecmoMHMM, KakK MBI
IMOKa3bIBaJIM, YTO €CTh 3aMOINeHNe KAKUM-TO CUYETHBIM YHUCJIOM gdeeK. Mbl 3amornaim odpe3kamu
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1I€JION JIJIMHBI, TTIOTOM ITOJIOBUHHOI, ITOKa IIOMEIIAeTCs, TOTOM 4eTBepThio.. CJie/iaeM mporecc HEMHOTO
akkypaTHee. Eciim MbI B KAKOW-TO MOMEHT KOHIIOM OTPe3Ka MonaJju B [, CJIBUHEMCI TUM KOHIIOM Ha
< 10% or amuHBI OTpe3Ka Tak, 4ToObI He monacth (T.K. D HOYC, To Haiaém). [TockoibKy OT 9TOrO
Iporiecca HaM TPEOOBAJIOCH TOJIBKO MOHOTOHHOE YMEHBIIIEHHE JIJTUHBI OTPE3KOB, KOTOPBIMU MbI BCE
3aMOIIaeM, TO BCE TO-TIpeKHeMY OyJIeT XOPOIIIO.

P(€n € U) =202, P(&n € (ar, bi]) = 3202 (Fe, (br) — F, (ar)) =
>3 i (Fe, (b)) = Fe(ar)) = 300 (Fe(b) — Fe(ar)) = P(€ € Uil (ar br)

n— 00,110
Korma Mbr fenaiu mepexo Mo MyHKTY 1, MBI KaK pa3 BOCIOJJIb30BAJIMCH TE€M, 9TO TOYKHU (G, by
XOPOIITHE.

lim P(§, € U) = 1m0 (Fe(bi) — Fe(a)) = P& € Uy (ar, bi]) =

T.K. 9Ta IITYKa UMEET IIpeaest

= PoUpy(om, i) = PelUR (s i) = P(U) = P(E € U)

5= 6 6 Bepua gy f = 14. Torna BepHO U JJist CTYIIEHIATHIX (DYHKITUN.
fFeECR,|fISM, D :={x:P(f(&) =x)>0}, e D= f1(D) - nbuc.
[Topexem orpe3ok [—M, M| roukamu ve u3 D': =M =ty <t; < ...<t,=Mt; ¢ D’
IMycrs Aj :={x:t;-1 < f(z) <t;} D{z:t;.1 <z <t;} = U; — orKpbITOE
A ={z :tj.1 < f(z) < t;} D{xr:t;_1 < & < t;} =@ Bj — nononHenHne OTKPLITOro (KOTOpoe u3
ToueK Jmbo JieBee, MO0 IpaBee), a 3HAYUT 3aMKHYTOE.
B\U; C{x: f(z) =tj_1}sup{z: f(z) =1t,}.
P(¢ € (B;\U;)) = 0 no BeI6opy Toduexk t; (onu ue u3 D’)
Torma P(§ € FrA;) =0 u Aj MOXHO HOICTAB/IATD B 5 IIyHKT.

BozbMém crymenyuaTyio OyHKIUIO, TTOX0XKYIO Ha f:

g(x) =327 1 t1a,(2), Eg(&) — E(g(¢))
Eg(&,) — Fg(§) no muneitHocTn 1 MyHKTY 5.

|f(z) — g(z)| < max(t; — t;_1) MO pa3bHEHMIO Ha OTPE3OUKU.
Elf(x) = fg)l < max (t; —1;-)

=U,...,

Yero temneps xouercs? Xodercs st Ve yMeTh NpeabaBisaTh N, Takoe, 9T0 jjs Jjioboro n > N
CYIIECTBYeT MOJAXOjsiiee pasbuenue pasbuenue orpeska —M = tg < t1 < ... < t, = M,t; ¢ D’
Takoe, 910 max (t; —t;_1) < €. Ha camom Jesie 5T0 MOXKHO JieJIaTh TaKKe, KaK M B IPEIbIIYIIeM

IR

JA0Ka3aTe/JIbCTBE: CHavYaJla IIbITaEMCAd IIOCTaBUTh OTMETKY Ha PaCCTOAHUU € OT npeﬂbmymeﬁ, €CJia He
II0JIyYMJIOCH, IIOCTaBUM I'Je-TO Ha OTPE3KE [tj_l +0.9¢e, 8,1 + 5]. Buech BaxkHo, uro D’ HOUC. 3—%45 =
N> 2

[Ef(&n) = Ef ()] < |ES (&) = Eg(&a)| +Eg(&n) = Eg(§)|+|Eg(§) = Ef(§)] < 22 +[Eg(&n) — Eg(8)]

Do MbI o100pau Takoe g (Tounee, n), uro |g(z) — f(z)| < e. A emé mbr 3naem, uro Eg(&,) —
Eg(£), sraunt ¢ kKakoro-to n 1o Toxke Oyner < e. [omyuwmm, aro Ef(£,) — Ef(§).

7T=1 P& € (a,b]) = lim L™ ()dt, ecm P(&, = a) = P(§, = b) =0

T-500
BosbméM c.B. 1, ~ N(0,0?%) ne zaBucur ot &1, &, . . ..
Pentns (t) = Pe, (8)pn, (t) = e, (t)e7 /2
ety (t) = Pe(t)pn, (t) = pe(t)e /2
= Ve, 4n, — Petn, TOTOUEHTHO.

T efzu,t_efzab

P(&n -+, € (a,]) = Jim 50 [0 <=, (e 2at
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o 242
3aMeTuM, YTO MOJIyYMBIIUIICS MHTETpaJl CXOIUTCA U Jarke abCOIIOTHO T.K. € 7 ¢ /2 cxomures, a

BCE OCTaJIbHOE OrPAHUYEHO HEKOTOPOU YHUBEPCAJIHHON KOHCTAHTOM, KOTOpas JlaXke OT 7 He 3aBUCHT:

—iat __ ,—1ibt .
< 1, a &—%— 0KOJIO HYJII KaK-TO OIPAHUYINM, & Ha OECKOHETHOCTAX BCE COBCEM XOPOIIIO.
) it )
1 “+o00 e*iat_efia,b 70'2t2 2
P(fn + s € [aa b)) — or f—oo it (,Dgn(t)e / dt

—iat _efibt

Bocnosbsyemes rorpa reopemotit Jlebera: mycThb ¢ — KOHCTaHTa, OrPAHMIMBAIONIAA

7 , TOTJIQ
—o2t2/2

MazKOPaHTOU OyJeT ce . Torma

1 f—‘roo e*iati_tefiab Spgn (t)e_02t2/2dt - 1 1 f—i-oo e*iatA_efiab 906 (t)e_02t2/2dt _ P(5 + Mo c [a’ b))

21 J—o0 . JTeBera 27 27 J—o0 it

Takum 06pa3zoM Mbl BCE 3HaeM TPO & + 1), B XOPOIIUX OTPe3KaX (KOHIBI KOTOPBIX HE JIeXKaT B
TOYKAX pa3pbiBa (DYHKIMU PACIPEIEJICHNUS ).

OcraJjioch JABe€ Belu: IMOHATb, II0OYEMY MOXKHO ,H‘O6aBI/ITb 7y 1 IIOYEMY IIJIOXHE€ TOYKMH HaM HE Mella-
IOT.

Gn = Feqy,, G =T+,

Mper nonsumn, aro G, (z) — G(r) 3a uCKII0OYeHnEeM HOYC MHOXKECTBA.

IIycrs  — Touxa HenpepsBHOCTH Fe = 30 > 0 : 240 u v —§ xopoume Touxu u F¢(zr)—F¢(r£0) < ¢
<eE&.

2 2
P(|no| = ¢€) < = %. Torma MpI MOXKeM 1o106paTh TaKylo o, [ KOTOPO $z

. D
nep-so Yebbinéna —pl
&

TODO: []
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Teopust BeposiTHOCTEI [enTpasbuas npeaeabHasg TeOpeMa

5. llenaTpajgbHasi npeaejbHasi TeOpeMa

Teopema 5.1 (IIIIT B dopme JleBu). &1, &s, ... — HE3ABUCUMBIE OJMHAKOBO PACIIPEIC/IEHHBIE BEJIMYU-
HBL.

CL:E&,UQ:D&,Sn :€1+§2++§n

_ _1 T —t2/2
Torma FS%ZG, — ®(z) = Tom [f.e dt BO BCEX TOUKAX.

JokazareabcTBO. Mbl XOTUM TIPOBEPUTH, YTO ITOCJIEIOBATEILHOCTD (DYHKINN PaCIIPEIe/IeHUs CXO-
JIUTCSI BO BCEX TOYKAX K HEKOTOPON HENpPEpPBIBHON (DYHKIMHU pacrpeeseHus. SHAYAT, 9TO MPOCTO
CXOIUMOCTDb TI0 PACIPEIe/ICHU0. 3HAYUT, HAM HAJI0 IIPOBEPUTH, UTO % cxomures k N(0,1) mo

pacIpeieJIeHHIO.

gps,j;an =Ipe-a = (Pg-a)™ T.K. C.B. OIUHAKOBO PACIIPEJICJIEHBL.
ac Vno

no

Sk—a —
Mps1 3HaEM, 9TO y BEJIMYIHHEBI e HYJICBOE MATOKHJIAHUE T.K. E —a)=0

D& —a) = D¢, = o’
/

[ne-to spirte Mbl ysnamu, 9o B¢ = —ipr(0) u DE = —¢{(0) + (¢;(0))*. Bocnommsyemcst sTumu
SHAHUAMME, YTOObI PA3JIOKUTh © B PsAJI B HyJIE JIO BTOPOTO YJIeHA:

pealt) = 1 — 10%2 4 oft?)

2 2
Pyt (1) = paalyhs) = 1= 4 +0lL)

Ham B pesysibraTe X0ueTcs MOKa3aTh, 4TO Psuzan — e /2
t2 t2 n _2
To ectb (1 — 5~ +o(:>2))" — e 2
[Tponorapudmupyem
2 2 2 2 2
nln(l — = +o(5)) ~n(—L+o(L)) = -5 O
18.04.2018

Teopema 5.2. F,,F : R — [0,1] monorouust u F' € C(R) = F, = F
HokazareabcTBo. Bo3bMéM € = %

[Mycrs t), @ F(ty) = % k=1,2,...,m — 1 T.e. mpocTO MOpe3au Ha KYCOUYKHU C OIUHAKOBBIM

npupocToM (BYHKIUE. 3aMETUM, YTO TaK MOXKHO poBHO noromy, uto F' € C(R). Torma T.x. F' emé un
MOHOTOHHA, y KaxKJ10i Touku Ha oTpe3ke [0, 1] cyrmecTByeT mpoobpas B BUJIE TOUYKHU UM HEITPEPBIBHOTO
orpeska. (TODO: Ha JileKiuu yzKe MOCJIe JOKA3ATEIbCTBA MbI IOYEMY-TO PEIIIU, YTO HEIIPEPBIBHOCTH
F we nyxna. Tem He Menee, st 63 He€ JeiiCTBUE BBIIIE JI€JATh HE YMEIO)

TODO: kapTuHKa MOHOTOHHOI (DYHKITHI

MpbI 3HaEM [IPO TO, YTO B 9TUX TOYKAX €CTb CXOMUMOCTb: F, (1) — F(t1)
Bribepem N, mauunas ¢ koroporo |F,(ty) — F(t;)| <e Vk=1,2,...,m — 1. T.e. dyukuuu B 3101X
TOYKAX HE CHUJILHO OTJIMYAIOTCSA OT F'.

[Tokazkem, 9TO U B OCTAJIBHBIX TOYKAX pasHUIA Hedosbinas. Paccmorpum ¢, ¢, <t <ty
F(ty) < Fut) < Fulti) < Flten) +e=51+ L = F(t)) + 2 < F(t) + 2¢

m
MOHOTOH. MOHOTOH.

k+1

Fo(ty) > Fty) —e=£2—-L=Ml_ 2 _p@. ) -2 > F(t)—2

= |F,(t) — F(t)] < 2¢
O
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Teopust BeposiTHOCTEI [enTpasbuas npeaeabHasg TeOpeMa

3ameyanue. 3HAYUT, B IEHTPAJIHHON IIPEJIEIbHON T. pABHOMEPHAs CXOIUMOCTb.

Teopema 5.3 (Myaspa-Jlamiaca). p € (0,1) cxema BepHysin ¢ BEpOSITHOCTBIO yCIIeXa p
(Sn_nP
p Vv npq

pla < S”;;;p < b) = ¢(b) — ®(a) (mpocTo pasHOCTH MPEABIIYIUX BbIPAYKEHUIA )

<xz) — d(x)

HokazarenbcTBo. S, =& + &+ -+ &,
Egl =D, D& = pq

Tlo IIIIT, P (% < x) = () 0

Teopema 5.4 (Ilyaccona). &1, a1, €22, €31, E32, E33, - - -

P&k = 1) = pury, P(§ur = 0) = g = 1 — pux

VcnbiTanus B KaxKI0il cepun He3aBUCUMBL: &1, Eno, - - ., Eupn — HE3ABACUMBI

max{pn1, Pn2; Pant —> 0, Pu1 + P2+ + P = A >0

Sp=8&u + &2+ +&m

Torma P(S, =m) — e 2%
JloKaszaTeabCTBO. 3aMeTuM, U9TO IIPU PACIIPEIeICHIN BepHy/LIM CYIuTaTh XapaKTePUCTUICCKY IO PyHK-
IO TOXKE OYEHb MPOCTO:

e, (t) = Beitéor = ¢itlp 1+ e0g. = epor + e = 1 + prs(e? — 1)

n

esu(t) = [T #6,t) = TLL+ pu(e” ~ 1)

In(T(1 4 pue” = 1)) = S (14 pue” = 1)) = 5 pule = 1) + 3 Oy

k=1 k=1 p. Teitzopa j—1 k=1

ST par(e® — 1) = e — 1) T.x. (e — 1) — dukcuposano, a > p — A

n
ST OP?,) < C. pur max pyg, tae C' — xoucranra uz O, a BCE 0CTAIbHOE, BMECTO TOTO, 9TOOBI
k=1

CUUTATh CyMMY KBaJ[paTOB, Mbl YMHOXKWJIM HA MAKCAMYM U3 BEPOSATHOCTEN JJIs N-ii CEpUU IKCIIEPH-
MEHTOB. Max P, — 0 1o ycyioBuio.
)\(eit

Uroro, moayuunn, 4ro ¢g, — e ¢~ moitmém, uto aTo x.¢. pacupenenenus Ilyaccona

Baseném 1 ~ Poisson(\)

S AN A (et Aeft—X
eme=ra — =AY o = e’ " = ecTb

= 1 1
m=0 m: m=0 m: p. Teitnopa s e®

[e.e]
6,(t) = Ee™ = 3 ¢ Py = m)
CXOJIMMOCTD TIO pacnnﬁ?eo,ueﬂeHmo

OCTaHOCb IIOHATDH, 9TO €CTh CXOJAMMOCTDHb BO BCE€X TOYKaAX. I/I3 CXOUMOCTHU II0 PacCIIpE€AC/ICHUIO MbI
IOJIydUJIn CXOAUMOCTH BO BCEX TOYKaX, '€ €CTh HECIIPEPBIBHOCTD. HO Hallle pacClIpeae/ieHrue eCTb II0
CyTH CTYII€HbKH, II09TOMY HEIPEPBIBHOCTH HA PA3PbIBE CTyIECHEK HeT. BO3bMEM TaKyIo TOUKY pa3pbiBa
P(S,, = m). Yro ectb 910 3Hauenue? Ilo cytu, s10 F(m+¢)— F(m—¢) npu ¢ — 0. A B Toukax m+¢
U M — € eCTh CXOJMMOCTh K TOMY, YTO HY2KHO (T.K. B HUX HEIpPepbIBHO). B mpejese noiaydurcs To,
gto xoresu. (TODO: dopmaIbHO 0CO3HATH 9TO PYKOMAXaTEIbCTBO). ]

Teopema 5.5 (LIIIT B dopme Jlungenbepra). &, &, ...— HE3ABUCUMBI C.B.

n

an = E&,, 0% = D¢, D? = ];10,%
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Teopus BeposTHOCTE#H

Eciu Lind(e,n)

[enTpasbuas npeaeabHasg TeOpeMa
o7 > Ef(& —ax) — 0 (ycnosue Jlunpenbepra)

u f(:L’) = x2:ﬂ-{|x|2aDn}7 e>0

Torya P (2=

n _ESn <
T
VDS,

~

) = (x)

HdokazareabcTBo. He Oyznem moka3biBaTh, 3T0 Aenaercd aHajgorudno LITT
Teopema 5.6 (IIIIT B dopme Jlanyrosa). &, &o,
a = FE¢,, o

.— He3aBUCHUMBbIE C.B.
S
= D¢, D, = | > o
k=1

Eciu § > 0, L(d,n)

n
1

> Bl — a7 — 0
D = n—00
Tora P(S:/E%n <z) = O(2)

HoxkazareabcTBo. Jlungenbepr = Jlsamynos

Lind(g,n)

Dz ];1 E((& — ax)*L{jge—ap/zeDn}) <

|€x—a|
< L zn: B ((5 N 2l&k—agl’
X P2 K — Q)

" k=1

D¢

T K. u3-3a XapaKTepucTUIecKoil PyHKIMN HA MMEIOIIeli 3HAYeHe YaCTU BEPHO, UTO |E,—ay| = €Dy,
TO MOKHO JIOMHOXKHUTH (PYHKIIAIO TI0JT MATOXKUIAHUEM Ha ( )
n

1|k — ax| = aDn}> <

5
) ,0 > 0, craHeT TOJILKO DOJIbIIIE.

Ecnu yoparh xapakTepucTudecKyio OyHKIHIO, TO T.K. T0JI MATOXKUJIAHUEM HEUYTO HEOTPUIIATE b
HOG, TO MHO2KECTBO YBeJII/I‘lI/ITCEI, 3HAQUUT U 3HAYEHUE He YMeHbIHI/ITCH.
n L(§
< oprr 2 Bl —ap P = g
k=1 110 yCJIOBUIO

ycaosue JIuanendepra

]

VYupaxkueuue. [IpoBepurhb, 9TO I HE3aBUCUMBIX OJMHAKOBO PACIPEIEIEHHBIX C.B. BBIIOJHAETCS
Teopema 5.7. &, &,
Torna sup,cg | P(

— HezaBHCHMBIE C.B. , § € (0, 1]
SFT\/LS?L <z)— ®(x)] < CsL(d,n)
Caedcmeue Teopema Beppu-Icceena. &, o,
a = Egl, 0'2 = Dgl

sup,ca P (S22

< x) ~d(2)| < ¢l

.— HEe3aBUCHUMbIC OJJNHaAKOBO paCHpe,HeJIéHHbIe C.B
Vno3

HokazareabcTBo. T.K. pacupeieIeHHOCTU OJIMHAKOBBIE, TO

> 1 Bk — ap|?*?) = nE(¢ — a)*™, a D? = no?
SUPzeRr |P <S%Za‘

<x) = )] < C5L(5,n)

_ nE|&—al?td nEl¢ —ar Ble1—al?
cM. CTpt;y BBIIIIE ¢ Vno?Dy o s C nymad | C NG
[
3amevanue. Dcceen (1956) > 0.40973, IlIsemosa (2011) C' < 0.4748
IIpumep. ¢, = {ko‘ ¢ BepogTHOCTBIO 0.5

— HE3aBUCUMbIE CJIyYaHbIe BEJINIUHBI
—k® ¢ BeposiTHOCTBIO (.5

E&, = 0 (r.x. cummvurpusnag ¢.8.), D = Eg — (B, )* = Eg = 5(k%)* + 5(—k°)?
['naBa #5
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Teopus BeposTHOCTE#H

[enTpasbuas npeaeabHasg TeOpeMa

n
D? = Y k2~ 22::11 npu « > —0.5 (no Ditnepy-Makiiopety)
k=1

E|& P = k>
n3a+1
n n 3a+1
> Bl = Y K ~ {Inn upr o = —3
k=1 k=1
O(1) upu o < —3

0:=1
TL3O‘+1
3a+1
o 3/2
L(6,n) = g7 S El&® ~ C45 - { Inn
o)
S (204-1)1/2

etz — CXOOUTCsI K HOPMaJbHOMY PacCHpPeaeICHIIO

Teopema 5.8 (Xaprmana-Bunrepa wim 3akon moBroproro Jjiorapudma). &, &, ...—

OJIMHAKOBO pacHpejieIEHHBIE C.B.

Efl =0, 0% = D§1

TOI‘,ZL& nh_{l;lo V2nlnlnn

dokazareascrBo. LIIT: \}gﬁa — HOpMaJIbHOE paclpejieieHne

upn o« > —%

— 0 mpu a > —0.5

HEe3aBUCHUMbIC

[]

Teopema 5.9 (Illtpaccena). IIpu Tex ke ycJIOBUSIX MHOYKECTBO IPEJIETBHBIX TOUEK MTOCIIEI0BATE b

[ 1 — J—
HOCTH 7St €CTb [0, 0]
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Teopus BeposTHOCTE#H CaygaitHbie mporecch

6. CayuaiiHbIe IIPOIIECCHI

6.1. Onpenesenns

Onpedenenue 6.1 (Cuyuaitasrii mporecc). (2, F, P) — BEpOSATHOCTHOE MTPOCTPAHCTBO, 1" — MHOKe-
CTBO

CaygaifHbIil TPOIIECC ¢ HETPEPBIBHBIM BPEMEHEM, ecjiu &; W3MepuMa B IPOU3BOIbHBIE MOMEHTHI t
C TUCKPETHBIM BPEMEHEM, €CJIM €CTb MOMEHTHI t1, o, ..., KOIJa u3Mepuma &

Onpedeaerue 6.2. Eciu MHOXKeCTBO 3HaUYEHU &; MUCKPETHO — CJIYIalHBIN MPOIECC C TUCKPETHBIM
HaOOPOM COCTOSTHUI

Onpedeaerue 6.3 (tpaekropusi). f : QxT — R
&(w) = f(w,t) — caydJaiiHble BEJMIMHBL
Dukcup. w = wy pacem. f(wo,t) — TpaekTOpus (peasu3arisi)

IIpumep. 1. g — menpepoiBHas dyuakims @ R — R
& — ciyuaiinasi BeJIMInHA

§e(w) = g(t)§(w)

2. Beepusbrit mporiecc
&(w) = (t —to)&(w) + b TODO: kapTHHKA: EPECEKAIOIIMECS B OHON TOYKE IIPsSIMbIe

3. IlocnemoBaTeIbHOCTD CIyYANHBIX BEJIUYWH — CJIYYAWHBIN MIPOIECC C JTUCKPETHBIM BPEMEHEM

6.2. YcJOBHBbIE MAaTOXKUAHUA

Onpedenenue 6.4. £ : Q) — R cayqaiinasg sesmauna Ha (Q, F, P)
A — o-anrebpa C F
n = E({|A) - c.B. na (Q, A, P) takag, uro VA € A E(nl,) = E(£14)

3amevwarue Eduncmeennocme. IIycTh 1)1, 17 — yCIOBHBIE MATOXKUIAHWUS
E(mla) = E(§14) = E(nella) = E((m —m2)1a) =0

A={m >n}=PA) =0

~ ~ = 11 = 7)2 HOYTHU HaBEPHOE
A= {m <m}= PA) = 0}

IIpumep. A = {2, Q} usmepumbie GYHKINU — TOTHKO KOHCTAHTHI
E(¢|A) = const
E(cly) = E(¢1y)
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